PERCOLATION AND 6(p.) =0

ABSTRACT. These notes prove that the percolation probability vanishes at the critical probability
for bond percolation on Z¢ when d > 2. They also prove the finite labeled-hyperedge inequality
needed for site percolation. A companion manuscript supplies the site-specific block and slab
argument; together, the two works establish the site result for d > 3. The planar site result
is classical and is discussed separately. It is not part of the site-percolation declaration in the
accompanying Lean development. For bond percolation, classical methods cover the plane and,
through the lace expansion, dimensions d > 11; the argument developed here uses neither planar
duality nor the lace expansion. Anthropic’s earlier Lean development proved and formalized an
additive bound, and hence a uniform near-one bound, sufficient for the bond-percolation reduction.
The present work extends those conditional covariance inequalities to labeled hyperedges, derives
the multiplicative finite inequality in that setting, and provides the finite input for site percolation.
The prerequisite is a first graduate course in probability. For the site model, the accompanying Lean
declaration has hypotheses d : N and 3 < d; its printed axioms are propext, Classical.choice,
and Quot.sound.

Generated by ChatGPT 5.6, prompted by Ahmed Bou-Rabee, with exposition and formalization
support by Claude Opus 5. The earlier bond-percolation proof is due to Anthropic’s Claude.

1. BERNOULLI PERCOLATION ON THE HYPERCUBIC LATTICE

Broadbent and Hammersley [1957] introduced percolation in 1957 to model a fluid spreading
through a porous stone, and posed the existence of the phase transition as the central question.
Declare each edge of the lattice Z¢ open with probability p and closed otherwise, independently
across edges, and ask whether fluid entering at the origin can travel arbitrarily far. Write 6(p) for
the probability that it can, that is, for the probability that the origin lies in an infinite connected
component of open edges. As p increases more edges are open, so 6 increases; it vanishes when p is
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FIGURE 1. Samples of Bernoulli bond percolation in a 12 x 12 window of Z? at
three parameters, drawn from one seed. The open cluster of the marked origin is
thickened, and its size within the window is printed underneath. At p = 0.35 the
cluster is a small island, and at p = 0.65 it already spans the window. The middle
picture, at the critical probability p.(2) = 1/2, is the one these notes are about, and
the eye cannot tell from it whether the cluster would continue forever.
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2 PERCOLATION AT THE CRITICAL POINT

small and it is positive when p is close to 1. There is therefore a threshold parameter p. separating
the two behaviors, and what happens exactly at that threshold is the subject of these notes.

This section defines the model and establishes two facts. The first is that the threshold is a
genuine interior point: for every d > 2 we have 0 < p. < 1, so there really are two phases to
separate. The second is that 6 is continuous at every parameter other than p.. The question of
whether € is continuous therefore collapses to the single number 6(p.), which is either 0 or the size
of a jump. That is why the problem is usually posed as the equation 6(p.) = 0.

The order is as follows. Section 1.1 introduces the labeled hyperedge framework shared by the
finite bond and site arguments and explains its bond-percolation specialization. Section 1.2 con-
structs the probability space and the class of events used throughout. Section 1.3 introduces open
clusters and the percolation probability. Section 1.4 proves that the threshold is an interior point,
and Section 1.5 proves continuity away from it. Section 1.6 summarizes the classical dimension-
dependent results for 0(p.).

Before the results presented here, the bond-percolation cases 3 < d < 10 were not covered
by either classical method. The planar arguments use duality, which has no analogue above two
dimensions, while the high-dimensional arguments use random-walk estimates available through
the lace expansion. The approach developed here instead derives a finite connection inequality
without either tool; lattice geometry enters only through the final reduction.

We fix three names. The number p is the parameter, the function 6 is the percolation
probability, and the threshold p. is the critical probability.

Throughout this section d > 2 is an integer and p is a number in [0, 1].
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1.1. Finite hyperedge models for bond and site percolation. These notes treat both bond
and site percolation. Their common finite argument is formulated for labeled hyperedges and then
specialized to the two models.

In site percolation the vertices, not the edges, carry the randomness: each vertex of Z? is open
with probability p and closed otherwise, independently, and two open vertices are joined when they
are neighbors in the lattice. The cluster of the origin is the set of open vertices reachable from it
through open vertices, the percolation probability and the critical probability are defined from it
exactly as before, and the same question is asked. Site percolation is not, in general, representable
as independent bond percolation. Gladkov and Zimin [2026] gave an obstruction that already
appears at a vertex of degree three. Consequently, a bond-only argument does not automatically
imply the corresponding site statement.

The shared finite structure consists of independent random objects whose activation creates
connections monotonically. Labeled hyperedges represent this structure while allowing one object
to meet more than two vertices. Conditioning arguments in this model must retain the labels of
hyperedges met by an explored cluster; Sections 2.4 and 2.6 develop the required bookkeeping.

So Sections 2 to 5 are carried out in that model from the start: a finite vertex set, and finitely
many elements, each meeting an arbitrary set of vertices and each open or closed independently of
the others. Bond percolation is the case in which every element meets exactly two vertices. Site
percolation is the case obtained by placing one element at each vertex and one extra vertex on each
edge, as Section 6.1 explains. The finite inequality proved in Section 5 therefore applies to both
models. Section 6 gives the two specializations, records the bond lattice reduction, and summarizes
the separate site reduction.

For the finite bond-percolation specialization, one may usually read “edge” for “hyperedge” and
“the two endpoints of the edge” for “incidence set.” The exceptions are listed below.

(1) In Definition 2.7 the substitution is exactly the one just described, and the model becomes
bond percolation on a finite graph.

(2) The set Kg of Definition 2.8 becomes the set of open edges meeting the cluster. It cannot
be replaced by the set of vertices of the cluster, and that is not an artifact of the general
model: the example proving it, Proposition 2.9, is a path on three vertices.

(3) The trace of (5) becomes the set of endpoints outside Z of the open edges meeting Z. The
second inclusion of Lemma 2.10 can be strict here too, as soon as Z has two vertices with
a common neighbor, so the bookkeeping it forces is not an artifact of the general model
either.

(4) Sections 3 to 5 specialize directly to statements about finite graphs.

(5) Of Section 6, only the first sentence of Example 6.1 and the bond half of Section 6.2 are
used. The encoding of site percolation and the discussion of it may be skipped.
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1.2. Configurations, events, and the product measure. We construct the probability space
carefully, because every later argument conditions on events and compares measures, and those
operations need a fixed underlying space.

Regard Z? as a graph: its vertices are the points of Z%, and two vertices are joined by an edge
exactly when they are at Euclidean distance 1. Write E; for the set of edges. This edge set is
countably infinite, and each vertex lies in exactly 2d edges.

Definition 1.1 (Configuration) A configuration is a function w : E; — {0,1}. An edge e is open
in w when w(e) = 1, and closed when w(e) = 0. The set of all configurations is Qg = {0, 1}%4.

An event is determined by a set .S of edges when membership in it depends on w only through
the values w(e) for e € S.

Definition 1.2 (Cylinder Event) A cylinder event is a subset of )3 determined by some finite
set of edges. The product o-algebra F; is the smallest o-algebra containing every cylinder event.

Equivalently, a cylinder event is a finite union of sets of the form {w : w(e;) = a; for 1 <i < n},
since there are only finitely many assignments to a finite set of edges. The events we care about,
such as the event that the origin lies in an infinite open cluster, are not cylinder events.

Definition 1.3 (Bernoulli Bond Percolation) Bernoulli bond percolation with parameter p
on Z< is the probability measure P, on (24, F;) under which the coordinates w(e) for e € Ey are
independent and Pp(w(e) = 1) = p for every edge e.

Existence and uniqueness of [P, is the Kolmogorov extension theorem applied to a product of
countably many copies of the Bernoulli measure on {0, 1}, so we take the measure as given. Write
[E, for the corresponding expectation.

One structural feature of €2, drives nearly every argument in these notes. Order configurations
pointwise: write w < n when w(e) < n(e) for every edge e, that is, when every edge open in w is
also open in 7.

Definition 1.4 (Increasing Event) An event A € F; is increasing when w € A and w < 7 together
imply n € A. The event A is decreasing when its complement is increasing.

Opening more edges can create connections but never destroy them, so every event asserting the
existence of an open path is increasing.

The most useful device for comparing two parameters is a coupling that realizes all of them at
once on a single probability space.

Definition 1.5 (Standard Coupling) Let (U.)ck, be independent random variables, each uniform
on [0, 1], defined on a probability space with measure P. For p € [0, 1] define a configuration w, by
setting wy,(e) = 1 exactly when U, < p. The family (wp)pe[[)’l] is the standard coupling.

Lemma 1.6. (The Standard Coupling Has the Right Laws and Is Monotone) Let (wp),e(0,1) be the
standard coupling. Then the following hold.

(i) For every p € [0,1], the configuration wy, has law P,.
(i) If p < q, then wy < wy pointwise.

Proof. Fix p. The variables U, are independent, so the events {U. < p} are independent, and each
has probability p because U, is uniform on [0, 1]. Hence the coordinates of w, are independent with
P(wp(e) = 1) = p, which is the defining property of P, in Definition 1.3.

For the monotonicity, let p < ¢ and let e be an edge with wy(e) = 1. Then U, < p < ¢, so
wq(e) = 1. Since e was an arbitrary edge, w, < wj. O

A consequence of Lemma 1.6 is that P,(A) < P,(A) for every increasing event A and all p < ¢:
realize both parameters in the standard coupling and note that w, € A forces w, € A. We use this
comparison from now on without further comment.
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1.3. Open clusters and the percolation probability. An open path is a finite sequence of
vertices xg, x1, ...,y in which consecutive vertices are joined by an edge and every one of those
edges is open. Two vertices x and y are connected, written x <> y, when some open path starts at
x and ends at y; every vertex is connected to itself by the path of length 0. Connection is reflexive,
symmetric, and transitive, so it partitions the vertex set.

Definition 1.7 (Open Cluster) Let x be a vertex of Z?. The open cluster of z is the set
C:={y€Z%:x <y} of vertices connected to .

Definition 1.8 (Percolation Probability) The percolation probability is
0(p) = IP)p(|CO| = OO) )
the probability that the open cluster of the origin is infinite.

For each n > 1 let A,, denote the event that the origin is connected to some vertex at Euclidean
distance at least n from it. Each A, is determined by the finitely many edges meeting the ball of
radius n, so each A, is a cylinder event and in particular lies in F;. The events A,, decrease in
n, and their intersection is the event that Cg is infinite, since a cluster is infinite exactly when it
contains vertices at arbitrarily large distance. Therefore

1) 0(p) = By([1) 4n) = Jim Py(4s) = inf By ().

where the second equality is continuity of the measure along a decreasing sequence of events and
the third holds because a nonincreasing sequence of numbers converges to its infimum. Identity (1)
is used twice below, once for monotonicity and once for continuity.

Lemma 1.9. (The Percolation Probability Is Nondecreasing)
(i) The function 6 is nondecreasing on [0, 1].

(ii) The value 0(0) equals 0.

Proof. Each event A,, asserts the existence of an open path, so each A, is increasing, and therefore
P,(Ay) < Py(A,) whenever p < g by Lemma 1.6. Taking the infimum over n in (1) preserves the
inequality, so 0(p) < 6(q).

At p = 0 no edge is open, so Cop = {0} is finite, and therefore #(0) = 0. O

Since 0 is nondecreasing and vanishes at 0, the set of parameters at which it vanishes is an
interval containing 0. Its right endpoint is the critical probability defined next.
Definition 1.10 (Critical Probability) The critical probability is
Pe = pe(d) = inf{p € [0,1] : 6(p) > 0},
with the convention that the infimum of the empty set equals 1.
By Lemma 1.9 we have 6(p) = 0 for every p < p. and 6(p) > 0 for every p > p.. The parameter

pe itself is covered by neither statement, and that single value is what these notes are about.

1.4. The critical probability is strictly between zero and one. For the critical probability
to separate two phases it must avoid both endpoints of the parameter interval. Both bounds come
from counting paths, and the two counts run in opposite directions: to rule out an infinite cluster
we count open paths leaving the origin, and to produce one we count closed circuits that would
have to surround it.

Lemma 1.11. (No Infinite Cluster at Small Parameters) Let p < 1/(2d—1). Then 0(p) = 0.
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— open cluster of 0

- - closed dual circuit

FIGURE 2. Planar duality, as used in Step 2 of the proof of Lemma 1.12. The open
cluster of the origin is thickened, and it is finite exactly when a circuit of closed dual
edges, drawn dashed, surrounds the origin. Each dual edge crosses exactly one edge
of the lattice and carries its state, so a closed dual circuit blocks every open path
out of the region it encloses.

Proof. The strategy is to bound the percolation probability by the expected number of long open
paths from the origin, and then to show that this expectation tends to 0. We divide the proof
into three steps: counting the available paths, bounding the expected number of open ones, and
comparing with 6(p).

Step 1: Count the available paths. Call a path self-avoiding when its vertices are distinct. The
number of self-avoiding paths of length n starting at the origin is at most 2d(2d — 1)"~!, because
the first step has at most 2d choices and each later step has at most 2d — 1, the step back along
the edge just used being excluded.

Step 2: Bound the expected number of open ones. A fixed self-avoiding path of length n uses n
distinct edges, so it is open with probability p™ by independence. Summing over the paths counted
in Step 1, the expected number of open self-avoiding paths of length n from the origin is at most
2d(2d — 1) 1pn.

Step 3: Compare with the percolation probability. If Cq is infinite then for every m it contains
a vertex at distance at least n, and a shortest open path from the origin to such a vertex is self-
avoiding of length at least n. Hence the event {|Co| = oo} is contained in the event that at least
one open self-avoiding path of length n from the origin exists, and Markov’s inequality applied to
the count of Step 2 gives

2d n
(p) < 2d(2d — 1)""!p" = ((2d —1)p)".
2d — 1
When (2d — 1)p < 1 the right side tends to 0 as n grows, while the left side does not depend on n,
so 0(p) = 0. This proves the lemma. O

The other bound uses planar duality, which we describe before using it. Place a dual vertex at
the center of each unit square of Z2, and join two dual vertices by a dual edge exactly when their
squares share a side. Each edge of Z?2 is crossed by exactly one dual edge, and we declare a dual
edge open or closed according to the state of the edge it crosses. A dual circuit is a self-avoiding
closed path in the dual lattice.

Lemma 1.12. (An Infinite Cluster Exists at Large Parameters) There is a parameter p < 1 with
6(p) > 0.
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Proof. We reduce to the plane and then count dual circuits. The proof has four steps: the reduction,
the conversion of finiteness into a dual circuit, the count, and the choice of parameter.

Step 1: Reduce to two dimensions. The subgraph of Z¢ induced by the vertex set Z2 x {0} is a
copy of Z2. An infinite open cluster of this subgraph is contained in an infinite open cluster of Z¢,
and the restriction of P, to the edges of the subgraph is Bernoulli bond percolation on 7Z? with the
same parameter. So it is enough to find p < 1 with 6(p) > 0 when d = 2.

Step 2: Convert finiteness into a dual circuit. Work in Z? and suppose Cyp is finite. Every edge
joining Cq to its complement is closed, so the dual edges crossing those edges are all closed. Let
W be the union of Cg with the bounded components of its complement, a finite set with connected
complement, and consider the edges joining W to its complement. The dual edges crossing them
form a self-avoiding closed dual circuit surrounding the origin, which is the standard planar duality
statement illustrated in Figure 2. Passing to W matters: the dual edges crossing the full edge
boundary of Cg form in general several circuits, one around each hole, and it is the outermost one
that is wanted. Hence the event that Cg is finite is contained in the event that some closed dual
circuit surrounds the origin.

Step 8: Count the dual circuits. A dual circuit of length n that surrounds the origin must cross
the positive horizontal axis, and every vertex of the circuit lies within distance n of the origin, so
the crossing occurs at one of at most n dual edges on that axis. Starting from such an edge, the
circuit is a self-avoiding dual path with at most three choices at each later step, so the number of
dual circuits of length n surrounding the origin is at most n3"~!. Every such circuit has length at
least 4.

Step 4: Choose the parameter. A fixed dual circuit of length n is closed with probability (1 —
p)", so by Step 3 the expected number of closed dual circuits surrounding the origin is at most
> 54 n 3" 11 — p)™. This series converges when 3(1 — p) < 1, and its value tends to 0 as p tends
to 1, so we may fix p < 1 for which the value is less than 1. For that p, Markov’s inequality shows
the probability that some closed dual circuit surrounds the origin is less than 1, so by Step 2 the
probability that Cg is infinite is positive. This proves the lemma. O

Theorem 1.13. (The Critical Probability Is an Interior Point) We have 0 < p.(d) < 1.

Proof. Lemma 1.11 gives 6(p) = 0 for every p < 1/(2d—1), so no parameter below 1/(2d—1) belongs
to the set appearing in Definition 1.10, and therefore p. > 1/(2d—1) > 0. Lemma 1.12 produces a
parameter p < 1 with 8(p) > 0, and that parameter does belong to the set, so p. < p < 1. ]

In other words, both phases are genuinely present, and the parameter interval really does split
into a region where every open cluster is finite and a region where an infinite one exists. What
Theorem 1.13 does not say is which of the two regions the critical probability itself belongs to.

1.5. Continuity away from the critical probability. By (1) the percolation probability is an
infimum of polynomials, which gives one-sided regularity. Together with monotonicity, this reduces
continuity to the value 0(pc).

Lemma 1.14. (The Percolation Probability Is Right-Continuous) For every p € [0, 1), the function
0 is right-continuous at p.

Proof. Fix n. The event A, is determined by the finitely many edges meeting the ball of radius
n about the origin, so P,(A,) is a finite sum of products of the numbers p and 1 — p, hence a
polynomial in p and in particular a continuous function of p.

By (1) the function 6 is an infimum of continuous functions, so it is upper semicontinuous.
A nondecreasing upper semicontinuous function is right-continuous, and € is nondecreasing by
Lemma 1.9. ]

Left-continuity above the critical probability follows from the almost sure uniqueness of the
infinite open cluster, proved by Aizenman, Kesten, and Newman [1987] and given a shorter proof by
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Burton and Keane [1989]. That uniqueness implies continuity of the percolation probability except
possibly at the critical probability is due to van den Berg and Keane [1984], and Aizenman, Kesten,
and Newman [1987] combined the two. Uniqueness is what prevents the percolation probability
from being spread across infinitely many competing clusters as the parameter decreases. This
uniqueness argument does not determine the value at p., because there is no infinite cluster below
De; left-continuity at p is exactly the statement 6(p.) = 0.

Theorem 1.15. (Continuity Away from the Critical Probability)

(i) The function 0 is continuous at every p € [0, 1] with p # pc.
(ii) The function 0 is continuous on all of [0,1] if and only if 0(p.) = 0.

Proof. We prove continuity below p., then continuity above p., and finally the stated equivalence.
Step 1: Continuity below the critical probability. If p < p. then 6 vanishes on the whole interval
[0,pc) by Lemma 1.9, and a function that is constant on a neighborhood of p is continuous at p.
Step 2: Continuity above the critical probability. If p. < p < 1 then right-continuity at p is
Lemma 1.14, and left-continuity at p holds because the infinite open cluster is almost surely unique
at every parameter in the supercritical phase. At p = 1 only left-continuity is required, and it holds
for the same reason. Steps 1 and 2 together give continuity at every parameter other than p..
Step 3: The equivalence. Suppose first that 6(p.) = 0. Then 6 vanishes on [0, p], and it is right-
continuous at p. by Lemma 1.14, so it is continuous at p.; with Steps 1 and 2 this gives continuity
on [0, 1]. Conversely, suppose 6 is continuous on [0, 1]. Since € vanishes on [0, p.), continuity at p
forces 6(pc) = limpyy, 6(p) = 0. O

Equivalently, the percolation probability has at most one discontinuity, it can sit only at the
critical probability, and it would be a jump from the value 0 up to the value 6(p.). Deciding
whether that jump occurs is the same as computing one number.

1.6. Classical results by dimension. Classical results establish §(p.) = 0 in dimension two and
in sufficiently high dimensions, using different methods.

In two dimensions the critical probability equals 1/2 and the percolation probability vanishes
there. Harris [1960] proved in 1960 that 6(1/2) = 0, using the correlation inequality that now
carries his name together with planar duality, and Kesten [1980] completed the picture in 1980
by proving p.(2) = 1/2, resting on the crossing estimates proved independently by Russo [1978]
and Seymour and Welsh [1978]; the book-length account is Kesten [1982]. For site percolation in
the plane the corresponding statement, that the percolation probability is continuous on the whole
parameter interval, is due to Russo [1981]. Both steps use duality in an essential way, and duality
is available only in the plane, so neither argument survives into three dimensions.

For bond percolation in high dimensions the lace expansion applies. Hara and Slade [1990] proved
0(pc) = 0 in high dimensions, and above six dimensions for a class of models with spread-out steps;
together with Hara and Slade [1994] the threshold for the nearest-neighbor model is d > 19, although
the computations behind that number were never published, as Fitzner and van der Hofstad [2017]
recorded. They brought the threshold down to d > 11. The method compares the probability
that two vertices are connected with the corresponding quantity for simple random walk, and the
comparison needs enough room for two independent walks to avoid each other, which is what forces
the dimension to be large.

The dimensions 3 < d < 10 were left open by both methods and remained so for decades,
as recorded in Grimmett [1999, §8.3] and in Fitzner and van der Hofstad [2017, §1.1]. For site
percolation, the cases d > 3 also remained open. Writing in August 2026, Cerf [2026] described
O(p.) = 0 for site percolation in dimensions three and above as a central open question, proved
that at p. either the percolation probability vanishes or the tail of the finite cluster size fails to
be a stretched exponential, and discussed the inequality of Kozma and Nitzan [2024] as a possible
route. Sharpness of the phase transition, which these notes do not use, was proved independently
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by Aizenman and Barsky [1987] and Menshikov [1986], with short modern proofs by Duminil-Copin
and Tassion [2016a] and Duminil-Copin and Tassion [2016b]; Duminil-Copin [2018] surveyed what is
known at and near the critical point. The standard references for this section are Grimmett [1999],
Bollobds and Riordan [2006] and Friedli and Velenik [2017]. Section 2 develops the correlation
inequalities used below, beginning with the one Harris used. Section 3 then explains a route to the
middle dimensions that passes through a statement about finite weighted graphs independent of
lattice geometry, and Sections 4 and 5 prove that statement.

2. CORRELATION INEQUALITIES FOR PERCOLATION

Many arguments in percolation use correlation inequalities expressing that events helped by
opening edges tend to occur together. Harris [1960] proved the first such statement in 1960 and
used it to show that the percolation probability vanishes at 1/2 in the plane. Stronger and more
flexible versions have been developed since, and this section builds the versions needed below.

This section proves two results. The first is Harris’s inequality: two increasing events are pos-
itively correlated, so the probability that both occur is at least the product of their probabilities.
Section 2.1 proves it by induction on the number of edges. Section 2.2 proves it again, this time
from the four functions theorem of Ahlswede and Daykin [1978], which compares four sums at once
and which we need in its own right later.

Harris’s inequality is not enough for what follows. The later argument compares the cluster of
one vertex with a set of other vertices while forbidding that cluster from reaching somewhere else.
This avoidance condition is needed to obtain a bound uniform in the size of that set. Conditioning
on such an event destroys the independence of the edges, so Harris’s inequality does not apply
to the conditioned measure. Section 2.3 shows that its conclusion fails as well, by exhibiting two
increasing functions that become negatively correlated.

The second is a conditional association statement. Under the avoidance conditioning, positive
correlation holds for increasing functions of the cluster of the conditioned vertex. We prove it in the
form where the function may read the whole set of open elements inside the cluster and not only the
vertices the cluster occupies. That form contains the other, since the vertices are recovered from
the open elements, and it is the form the later sections use. Section 2.4 introduces that set and the
two cluster-exploration facts used in the proof. Section 2.5 proves the inequality. For graphs this is
the theorem of van den Berg, Haggstrom, and Kahn [2006]; the labeled-hyperedge form used here
extends that graph result and supplies the main input to Sections 4 and 5.

2.1. Increasing functions and the Harris inequality. Throughout this section n > 0 is an
integer and we work on the finite cube {0,1}" rather than on the lattice; the lattice statements
follow by a limit that we record at the end of the section. Order the cube pointwise: write x < y
when z; <y, for every ¢ with 1 <1 < n.

Definition 2.1 (Increasing Function) Let n > 0 be an integer. A function f : {0,1}" — R is
increasing when f(z) < f(y) for all z <y, and decreasing when — f is increasing.

An event is increasing exactly when its indicator function is an increasing function, so Defini-
tion 2.1 extends Definition 1.4 from events to functions.

Let pi,...,p, be numbers in [0, 1] and let u denote the product measure on {0, 1}" under which
the coordinates are independent and the i-th coordinate equals 1 with probability p;. The proof
applies to unequal coordinate parameters, which are needed later.

The one-dimensional case is a classical rearrangement inequality and forms the base of the
induction.

Lemma 2.2. (Positive Correlation in One Coordinate) Let p € [0,1] and let f and g be increasing
functions on {0,1}. Let X be a random variable with P(X = 1) =p and P(X =0) =1 —p. Then

E[f(X)g(X)] > E[f(X)]E[g(X)] .
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Proof. Let X and Y be independent with the same law. Since f and g are both increasing on the
two-point set, the product (f(X)— f(Y))(g9(X)—g(Y)) is a product of two numbers with the same
sign, so it is nonnegative, and therefore its expectation is nonnegative. Expanding,

0 <E[(f(X) = F(V)(9(X) = g(V)] = 2B[f(X)g(X)] - 2B [f(X)]E[g(X)],
where we used that X and Y are independent with the same law to identify the cross terms.
Dividing by 2 gives the inequality. (]

Theorem 2.3. (Harris Inequality) Let n > 0 be an integer, let p1,...,p, be numbers in [0, 1], and
let p be the product measure on {0,1}" with these parameters. If f and g are increasing functions

on {0,1}", then
/fgduz/fdu/gdu-

In particular, if A and B are increasing events then (AN B) > u(A)u(B).

The inequality is due to Harris [1960]. It was later derived in much greater generality by Fortuin,
Kasteleyn, and Ginibre [1971], for measures on a distributive lattice satisfying a positivity condition,
and on a product space the two statements agree; the lattice form is due to Kleitman [1966].

Proof. We argue by induction on the number of coordinates n, that is, we prove for every n > 0
that the displayed inequality holds for all increasing f and g on {0,1}" and all parameter vectors.
Step 1: Base case. For n = 0 the cube is a single point and both sides are the same number.
For n =1 the assertion is Lemma 2.2.
Step 2: Condition on the last coordinate. Suppose n > 2 and the assertion holds for n — 1
coordinates. Write a point of {0,1}" as (x,t) with # € {0,1}"! and ¢ € {0,1}, and for t € {0,1}
define

F(t) = / ft) dun 1 (x)  G(t) = / 92 1) dpin 1 ().

where p,—1 is the product measure on the first n — 1 coordinates. For each fixed ¢ the functions
x> f(z,t) and x = g(x,t) are increasing on {0,1}"~!, so the induction hypothesis gives

) / F(@t)g(e.t) A (z) > F(OG(t)  for t € {0,1}

Step 3: The outer coordinate. The functions F' and G are increasing on {0,1}: if s < ¢ then
f(z,s) < f(x,t) for every x because f is increasing, and integrating preserves the inequality. Let
T denote a random variable with P(T" = 1) = p,,. Integrating (2) against the law of 7" and then
applying Lemma 2.2 to F' and G,

/ fgdu=E| / f(@, T)g(@, T) djtn-1(2)| = E[F(T)G(T)] > E[F(T)E[G(T)],

and the right side equals [ fdp [ gdp by Fubini’s theorem. This completes the induction.
The statement for events follows by taking f and g to be the indicator functions of A and B,
which are increasing because A and B are. O

The lattice version follows from the finite one by conditioning. Let A and B be increasing events
in F4 and let F,, be the o-algebra generated by the edges meeting the ball of radius n about the
origin. The conditional expectations P,(A | F,,) and P,(B | F,,) are increasing functions of those
finitely many coordinates, since averaging an increasing function over the remaining coordinates
preserves monotonicity, so Theorem 2.3 applies to them on the finite cube and gives

Ep[Py(A | Fu)Pp(B | Fn)| = Pp(A)Py(B).

By the martingale convergence theorem the two conditional expectations converge almost surely
to 14 and 1p as n grows, and they are bounded by 1, so the left side converges to P,(A N B) by
dominated convergence. We use the lattice form without further comment.
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FiGURE 3. Harris’s inequality in the case of two crossing events. Both the event
that an open path crosses the box from left to right and the event that one crosses
from bottom to top become easier when edges are opened, so the two are positively
correlated and the probability of seeing both is at least the product of the two
probabilities. The left panel shows a configuration where both occur, and the right
panel one where only the horizontal crossing occurs.

2.2. The four functions theorem. Harris’s inequality compares two integrals. The theorem in
this section, due to Ahlswede and Daykin [1978], compares four, and it is the flexible tool from
which the later arguments are built. For z,y € {0, 1}" write x VV y for the coordinatewise maximum
and x A y for the coordinatewise minimum.

Theorem 2.4. (Four Functions Theorem) Let n > 0 be an integer and let f1, fa, f3, fa be nonneg-
ative functions on {0,1}" satisfying

3) h(@)fo(y) < fs(zvy)falzny)  forallz,y {0,117,

Then (Z f (x)) (Z fg(y)) < (Z f3(:c)> (Z f4(y)),

where each sum is over all of {0,1}".

Proof. We induct on n. The strategy is that the hypothesis (3) is stable under summing out one
coordinate, so the inductive step is a verification that the four one-coordinate sums again satisfy
the hypothesis.

Step 1: Base case. For n = 0 the cube is a single point and the hypothesis at that point is the
conclusion. Let n = 1 and write a; = f;(0) and b; = f;(1). Applying (3) to the four pairs (z,y)
gives

ajaz < azaq  bibp <bzby  arby <bzas  brag < bzay,
and we must show (aj +b1)(az2+b2) < (a3+bs)(as+bs). Abbreviate s = bzag and t = asby, and let
u = a1by and v = byag, so that the last two displayed inequalities read v < s and v < s. Expanding
the left side,
(4) (al +b1)(a2 —1—52) =ajag + bibo +u+ v,
while (as + b3) (a4 + by) = agayg + bsby + s+ t. Since the first two terms of (4) are already bounded
by aga4 and bsby, it suffices to prove u + v < s+ t.

If s = 0 then u = v = 0 and there is nothing to prove, so assume s > 0. If v = 0 then
u+tv=0v<s<s+t, soassume u > 0 as well. Multiplying the first two displayed inequalities
gives

wv = (ara2)(b1bz) < (agaq)(bsby) = st.
Suppose first that u > ¢t. Then u < s and, from uv < st, also v < st/u, so

st
utv<ut+—<s+1,
u
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the last step because (u — s)(u —t) < 0 for t < u < s, which rearranges to u? + st < (s + t)u.
Suppose instead that © < t. Then v < s gives u + v < t + s. In both cases u +v < s + ¢, which
proves the base case.

Step 2: Inductive step. Suppose n > 2 and the theorem holds for n — 1 coordinates. Write a
point of {0,1}" as (z,t) with z € {0,1}""! and ¢ € {0, 1}, and define functions on {0,1}"~! by

J};(CU) = fi(z,0) + fi(z, 1) for1 <¢<4.

We show that the four functions fl, fé, fg,, jz satisfy the hypothesis (3) on {0,1}"~!. Fix x and y
in {0,1}"~! and consider the four functions on the single coordinate ¢ given by

g1(t) = fi(z, 1) g2(t) = fa(y,t) gs(t) = fs(x Vy,t) 9a(t) = falz Ny,t).
For s,t € {0,1} the hypothesis on {0,1}" applied to the points (z,s) and (y,t) reads

fi(z,8)fa(y,t) < fa(x Vy,sVit)fa(x ANy, sAt),
which says exactly that g1, 92,93, 94 satisfy (3) in one coordinate. The base case therefore gives
f1(x) f2(y) < fa(x Vy) fa(z Ay), which is the claim.
Applying the induction hypothesis to fl, - ,f~'4 and noting that fNZ(x) = Z(x,t) fi(x,t) com-
pletes the induction. O

Harris’s inequality is a special case of Theorem 2.4, and the choice of four functions that produces
it is the same one used later under conditioning, in Lemma 2.13.

Corollary 2.5. (Harris Inequality from Four Functions) Let n > 1 be an integer, let  be a product
measure on {0,1}", and let f and g be increasing functions. Then [ fgdu > [ fdu [ gdpu.

Proof. Write p(x) for the mass of the point = and set

h=fuw  fa=g9n  fs=fou  fa=p.
We check the hypothesis (3). A product measure satisfies u(x)u(y) = p(z VvV y)u(z A y), since for
each coordinate the two sides record the same pair of values. Since f and g are increasing and
nonnegative, f(z) < f(x Vy) and g(y) < g(x V y). Multiplying,

h(@)faly) = f(@)g(y)p(@)uly) < flaVy)gleVy)uaVy)uzAy) = fszVy)falzAy).
Theorem 2.4 now gives ([ fdu)([gdu) < ([ fgdu) -1, which is the claim for nonnegative f and
g.

For increasing f and g that are not nonnegative, note that the cube is finite, so f and g are
bounded; choose a constant M with f+ M > 0 and g+ M > 0. Both f+ M and g + M are
increasing and nonnegative, so the case already proved applies to them, and adding a constant to
either argument leaves a covariance unchanged. O

2.3. Avoidance conditioning and the limits of Harris’s inequality. We first locate where
the unconditional inequality fails, since the shape of the failure dictates the shape of the repair.

Fix a vertex x, a set Y of vertices, and consider the event {x <» Y} that z is connected to no vertex
of Y. This event is decreasing: opening more edges can only create connections. Conditioning on
it therefore biases the configuration downward, and the conditioned measure is no longer a product
measure.

Example 2.6 Take the graph with three vertices =, y and z and the two edges zz and zy, each
open with probability 1/2, and let Y = {y}. Under the unconditioned measure the two edges
are independent. Conditioned on {x < Y}, which here is the event that the two edges are not
both open, the edges are no longer independent: the conditional probability that xz is open is
1/3, and given that xz is open the conditional probability that zy is open is 0. So conditioning
on an avoidance event destroys independence, and Theorem 2.3 does not apply to the conditioned
measure.
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The example does more than show that the proof of Theorem 2.3 cannot be reused. Take f
to be the indicator that the edge xz is open and g the indicator that zy is open, both increasing
functions of the configuration. Conditioned on {z <+ Y} their expectations are each 1/3 while the
expectation of their product is 0, so they are negatively correlated under the conditioned measure.
Positive correlation therefore fails outright for arbitrary increasing functions, and what survives
the conditioning is the statement restricted to functions of the cluster of z, which is the subject of
the next section.

2.4. Labeled hypergraphs and cluster exploration. The subsequent finite-model arguments
use labeled hyperedges, in which an open element may join more than two vertices. Section 1.1
explains the choice. The labeled formulation requires explicit trace and exploration bookkeeping
and permits the later specialization to site percolation.

Definition 2.7 (Independent Hyperedges) Let U be a finite vertex set and E a finite set of
hyperedges. Each e € F carries an incidence set ((e) C U with at least two elements, and is
open with probability p., independently of the others. Two vertices are connected when a chain
of open hyperedges joins them, consecutive hyperedges sharing a vertex. For S C U write Cg for
the union of the connected components meeting S.

Bond percolation is the case in which every incidence set has two elements. Section 6 shows that
site percolation is another case, and that it is not a case of bond percolation.

Conditioning on what a cluster does requires remembering slightly more than the set of vertices
it occupies.

Definition 2.8 (The Open Hyperedges of a Cluster) For S C U write
Ks={e€ E:eisopen and t(e) NCg # &}
for the set of open hyperedges that meet the cluster of S.
The cluster is recovered from Kg together with S, by

Cs=SU U t(e),
eeg
since a vertex of Cg outside S lies on an open hyperedge meeting Cg, and conversely the incidence
set of such a hyperedge lies in Cg. If x € S then the cluster of z is recovered as well, by taking the
component of x in the hyperedges of Kg. The set Cg by itself does not determine that cluster, and
this already fails when every incidence set has two elements.

Proposition 2.9. (The Cluster of a Set Does Not Determine the Cluster of a Member) There are
a graph, a set S of vertices, a vertex x € S, and two configurations giving S the same Cg but giving
x different clusters.

Proof. Take the path on z, y and z and let S = {z, z}. If both edges are open then Cs = {z,y, 2}
and the cluster of x is {z,y, z}. If zy is open and yz is closed then Cs = {z,y, 2z} again, since z
belongs to S and y is reached from x, while the cluster of z is now {z,y}. O

This is why the inequalities below are stated for Kg rather than for Cg. These sets are ordered
by inclusion, and Cg grows with them.

We use one bookkeeping device throughout. For Z C U write Ey for the set of hyperedges
meeting Z. If I C E is the set of open ones, then its trace outside Z is

(5) Tz(I) = | J(le) \ 2).
eel
Lemma 2.10. (Union Preservation and the Intersection Inclusion for Traces) For all I,J C Eyz,
Tz(IU.]):Tz(I)UTz(J) Tz(IﬂJ)gTz(I)ﬂTz(J).
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Proof. The first identity is immediate from (5), since a union of unions is the union. For the second,
if e € INJ then ¢(e)\ Z is contained in both T (I) and Tz (J). The inclusion may be strict, because
two different hyperedges, one in I only and one in J only, can contribute the same vertex. ([l

Lemma 2.11. (Exploration Identity) Let Z C N C U. Condition on the states of the hyperedges
i By and let I C Ey be the open ones. Then the following hold.

(i) Whenever a cluster contained in U \ Z avoids N, deleting Z replaces the avoided set N by
(N\ Z)UuTz(I).
(ii) The hyperedges disjoint from Z retain their original independent laws.

Proof. A path that enters Z must use an open hyperedge meeting Z, that is, a member of I, and
the last vertex it occupies before leaving Z lies in the trace (5). Conversely every vertex of the
trace is joined to Z by the open hyperedge that put it there. So avoiding IV from outside Z is the
same as avoiding (N \ Z) U Tz(I) in the model with Z deleted. The remaining coordinates are

disjoint from Ez, so exposing E leaves their product law unchanged. O

After the open hyperedges meeting a cluster have been recorded, hyperedges disjoint from the
resulting vertex set retain their original product law. This is the second bookkeeping fact used
below and permits iterated conditioning.

Lemma 2.12. (Conditioning on a Cluster Leaves the Rest Unbiased) Let S C U and let A C E be
a set of hyperedges such that P(Kg = A) > 0, and let W be the union of S with the incidence sets
of the members of A. Conditionally on {Kg = A} the hyperedges whose incidence sets are disjoint
from W are independent, each open with its original probability pe.

Proof. On {Kg = A} we have Cs = W: every member of A is open and meets Cg, so its incidence
set lies in Cg, and conversely a vertex of Cg outside S is reached by a chain of open hyperedges, each
of which meets Cg and is therefore recorded in A. Consequently a hyperedge is open and meets W
exactly when it belongs to A, so

{Ks=A} = ﬂ {e open} N ﬂ {e closed} .

ecA e¢A, (e)NW#o

For the reverse inclusion, use P(g = A) > 0: some configuration has g = A, and in it every
vertex met by a hyperedge of A is joined to .S through hyperedges of A alone, since every open
hyperedge meeting Cs belongs to A. So if all of A is open then W C Cg, and if in addition
every hyperedge outside A meeting W is closed then no path leaves W, so Cg = W and the open
hyperedges meeting Cg are exactly A.

The displayed event is therefore determined by the states of the hyperedges meeting W. The
remaining hyperedges are independent of those, so conditioning does not change their joint law. [J

2.5. Conditional association. We can now prove that conditioning on an avoidance event pre-
serves positive correlation. Write

Ky(f; X) =E[f(Ks);CsN X = 2]
for a nonnegative increasing function f of I, where s is a vertex.

Lemma 2.13. (Conditional Association for One Explored Cluster) Let s € U, let X, Y C U, and
let f and g be nonnegative increasing functions of KCs. Then

(6) Ky(f; X)Ku(g:Y) < Ku(fg; X NY)Ky(L; X UY).

Proof. We induct on the number of vertices of U. If s € X UY then one factor on the right is zero
and one on the left is zero, so assume s ¢ X UY. Let Z =X NY.
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Step 1: The case Z = &. Write Ax for the event CsN X = @ and Ay for CsNY = @. The
functions f(Ks) and g(Ks) are increasing in the hyperedge coordinates and the indicators of Ax
and Ay are decreasing, so Theorem 2.3 gives four inequalities:

E[f; Ax] <E[f|[P(Ax)  Elg; Ay] < E[g]P(Ay),
E[f]E[g] <E[fg] P(Ax)P(Ay) <P(Ax NAy).

The first two apply the theorem to an increasing function and a decreasing one, which is the
theorem applied to the increasing pair f and the negative of the indicator. The third applies it to
two increasing functions and the fourth to two decreasing ones. Multiplying the first two and then
using the third and the fourth,

E[f; Ax]E[g; Ay] < E[fg]P(Ax N Ay).

Since X NY = & the left side is Ky(f; X)Ky(g;Y), while E[fg] = Ky (fg; @) and P(Ax N Ay) =
Ky(1; X UY). This is (6).

Step 2: Inductive step. Suppose Z # &. Expose the states of the hyperedges in £z and delete
Z; by Lemma 2.11 each of the four factors in (6) becomes a sum over the exposed open set I C E,
with the avoided set replaced by its trace. For two exposed states I and J apply the induction
hypothesis in U \ Z, which has fewer vertices, with avoided sets

(X\Z)UTz(I) and (Y \Z)UTz(J).

By Lemma 2.10 the union of these two sets is ((XUY )\ Z)UTz(IUJ), and their intersection contains
(XNY)\ Z)UTz(InNJ). Enlarging an avoided set can only decrease an avoidance probability,
so the induction hypothesis gives, for each pair I and J, the pointwise inequality indexed by I, J,
INJ and I UJ that the four functions theorem requires.

Let w(I) be the probability that the exposed open set is exactly I. Since the hyperedges are
independent, w(I)w(J) = n(I N J) (I UJ). Multiplying the pointwise inequality by these weights
puts it in the form of the hypothesis (3), so Theorem 2.4, applied on the Boolean lattice of subsets
of Ez, gives (6) after summing over [ and J. O

Corollary 2.14. (Conditional Association Given an Avoidance Event) Let s € U and X C U with
P(CsNX = @) > 0. Then increasing functions of Ks are positively correlated under the conditional
law given CsN X = @.

Proof. Take X =Y in Lemma 2.13 and divide by P(Cs N X = @)?, which is positive. This gives
the assertion for nonnegative f and g. For real-valued increasing f and g, add a constant to each
to make them nonnegative, which is possible because the state space is finite; adding a constant to
either argument leaves a covariance unchanged. O

The restriction to functions of Ks cannot be dropped. FExample 2.6 exhibits two increasing
functions of the configuration that are negatively correlated under such a conditioning.

2.6. Cluster-exploration lemmas. Six consequences of the preceding results are collected here
for use in the proof of the conditional covariance inequalities, Theorem 4.9. The first two are known
for graphs; all six are formulated here for labeled hyperedges.

One piece of notation runs through the six. For W C U write Py and Ey for the model induced
on W, in which a hyperedge is retained only when its incidence set is contained in W, and write
CEV and ICEV for the cluster of S there and for the open hyperedges of that cluster. If a named
vertex lies outside W, then its cluster is empty and every connection to it fails, and C¥ = @.

The first of the six compares two clusters rather than one. The conditioning forces them apart,
so growing one shrinks the other, and the inequality records that the two effects still point the same
way. For graphs this is a conditional correlation inequality of van den Berg, Haggstrom, and Kahn
[2006], and the resampling argument below is theirs.
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Lemma 2.15. (Two Clusters Given Disconnection) Let S and T be disjoint nonempty subsets of
U with P(Cs N'T = @) > 0. Conditional on Cs N'T = &, two nonnegative functions of (Kg,Kr)
that are increasing in the first argument and decreasing in the second are positively correlated.

Proof. Let F and G be the two functions. Condition first on Kg = J, and let K = Cg be the
support of J. Lemma 2.12 says that the hyperedges contained in U \ K retain their product law.
With J fixed, both F' and G are decreasing functions of Kr, so the Harris inequality, applied to
their negatives, gives

E[FG | Ks = J) > E[F | Ks = JIE[G | Ks = J].

Both conditional means on the right are increasing functions of J on the set of values Kg can
take. Indeed, suppose J C L. The support of L contains the support of J. Couple the two induced
models outside these supports by using the same hyperedge states. Removing the larger support
can only decrease ICp. At the same time the first argument of F' and G has increased. Thus both
functions, and hence both conditional means, can only increase.

A conditional mean m is so far defined only at the values g can take. Extend it to every set A
of hyperedges by

m(A) = max({m(I) : I C A and m is defined at I} U {0}).

This extension is increasing and agrees with m wherever m was defined. Corollary 2.14 also holds
for a finite source set: adjoin a new vertex s, add a deterministic open hyperedge with incidence set
S U{s}, and apply that corollary to the cluster of s. Consequently the two conditional means are
positively correlated under the law of g given Cg N'T = &. Averaging the displayed conditional
Harris inequality proves the lemma. O

The next lemma lets a cluster be explored one hyperedge at a time before the Harris inequality is
applied. Without it, exposing a cluster would destroy the product structure that inequality needs.
Gladkov [2024] proved a form of the Harris inequality for decision trees; this is the version the
argument below uses.

Lemma 2.16. (Harris Inequality at a Stopping Time) Let p be a product Bernoulli measure on
finitely many coordinates. Let T be an adaptive procedure that reveals previously unrevealed coor-
dinates, one at a time, and eventually stops. Let Fq be the information it has revealed. If f and g
are increasing real functions, then

(7) COVM(Eu[f | ]:7']79) >0.

Proof. Let w and n be independent samples from p. Run 7 on w, and form a third configuration &£
by taking each revealed coordinate from w and each unrevealed coordinate from n. We first prove

(8) E[f(w)g(&)] = E[f]E[g] .

We induct on the largest number of further queries that the procedure can make. If it stops without
a query, then & = 1 and equality holds. Otherwise let i be its first query, let p; be the opening
probability, and let 75 and 77 be the procedures followed after the answers 0 and 1. Write f;, and
gp for the restrictions to the branch with coordinate ¢ equal to b. The induction hypothesis in the
two branches gives
E[f(w)g(§)] = (1 — pi)E[fo]E[g0] + p:E[f1]E[g1] -

Since f and g are increasing, E[fy] < E[f1] and E[go] < E[g1]. Lemma 2.2 applied to these two
pairs of numbers shows that the last display is at least E[f]E[g]. This proves (8).

Conditional on F7, the unrevealed coordinates of w and 7 are independent and have their original
product laws. Therefore

E[f(w)g(©)] = E[E[f | FTIE[g | Fr]] = E[E[f | FTlg] -
Together with (8), this is (7). O
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The two lemmas just proved combine into the estimate the induction actually uses: what a
covariance loses when a whole cluster is deleted from the model.

Lemma 2.17. (Covariance after Exploring a Cluster) Let z,v € U, let S C U satisfy x € S and
v &S, and let f be a nonnegative increasing function of K. For W C U, let
H(W) = Coviy (f(KY),1{v < S}).,
and if c ¢ W orv ¢ W, then let H(W) = 0. Then the following hold.
(i) We have H(W') > 0.
(ii) For every B C W,
(9) Ew [HW\Cg )iz & CH |Pw (v +» S) <Pw (v SUB)H(W).

Proof. The two variables defining H(W) are increasing functions of the hyperedge states, so
H(W) > 0 by Theorem 2.3. If Py (v +» S) = 0, then both sides of (9) are zero. We may
therefore suppose that this probability is positive.

Explore all of Kp, and let F5 be the information revealed. Let

G=fkY) J=1{veS} Z=1v+» S v B G=Ew[G|Fg].
The law of total covariance and Lemma 2.12 give
(10) H(W) =Ew[HW\C¥);z ¢ ] + Covw (G, J) .

On the event z ¢ CJ/, the first conditional covariance is the covariance in the model induced on
W\ CJVBV. On the complementary event G has been determined, so that conditional covariance is
Zero.

The variable J + Z is the indicator of the increasing event {v <» S U B}. Lemma 2.16, applied
to the exploration of C}év, gives

Coviw(G,J+ Z) > 0.

The variable Z is Fg-measurable, so Covyy (G, Z) = Coviy (G, Z).

Let D = {v «» S}, a = Pw (D), and r = Py (Z). Conditional on D, the clusters of S and v are
disjoint. Apply Lemma 2.15 to G, viewed as an increasing function of Kg, and to 1 — 1{v +» B},
viewed as a decreasing function of IC,. It follows that

Coviy (G, Z) < gCovW(G, 1p) = —gH(W).
Using this bound in (10) yields
Ew [HW\CH)sw ¢ ] < (1-2) HOW).
Finally, a — r = Py (v «+» S U B). Multiplication by a proves (9). O

The next lemma replaces a connection probability computed in the model that survives a deletion
by the corresponding probability computed globally. It is the step where hyperedges have to be
tracked by name rather than by the vertices they reach, since by Lemma 2.10 two of them can leave
the same trace.

Lemma 2.18. (Comparison after Deleting a Cluster) Let x,0,v be distinct vertices, let A C U
contain x and contain neither o nor v, and let F : 2V — [0, 00) satisfy F(W) = 0 whenever v ¢ W.
For W C U, let

Pw (o <> v, v A)

, Pw(ve A) >0,
qa(W) = Pw (v« A) wl )

0, Pw(ve A)=0.
Suppose that, for every W C U and every B C W,
(11) Ew [F(W\CE )iz ¢ C |Pw(v +» A) < Py (v «» AUB)F(W).
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Then every Y C U satisfies

P(o > v, v» AUY)E[F(U\ Cy);z ¢ Cy|
(12) <P(v %AUY)E[qA(U\Cy)F(U\Cy);x ¢Cy] .
Proof. The reason for keeping labels in the following argument is that two hyperedges meeting an
exposed set can have the same trace outside that set. Their labels remain distinct even in that
case.

Step 1: The stronger assertion. Let L be a finite label set and attach to each ¢ € L a set of
vertices a(¢) CU. For Q C L and W C U, write

Rlw=wn|Ja) RY=w\cp, -

eqQ
Define
ew(Q) =Pw(o+ v, v AUQlw)
mw(Q) =Pw (v AU[Qlw)
yw(Q) = Ew [F(RG); = ¢ Ciiy,, |

2w (Q) = Ew [QA(Rg/)F(RS/);JU ¢ C[V&W] .
We prove, simultaneously for every finite label set and every such attachment, that
(13) €W(N1)yW(N2) < mW(N1 @] NQ)ZW(Nl N Ng) for all Ny,Ny C L.

The proof is by strong induction on |W]|.
Ifve AU [NI]W or o € [Nl]W, then €W(N1) =0. If z € [NQ]W, then yw(Ng) =0. Ifv ¢ W,
then the condition on F' also gives yy (IN2) = 0. These cases establish (13), so exclude them below.
Step 2: Disjoint label sets. Suppose that N1 NNy = @. Apply Lemma 2.13, with source v, to the
constant function 1 and the increasing indicator 1{o € C,}. Use the two avoided sets AU[N;]|y and
AU [Nsw. Their intersection contains A, even when the sets attached to distinct labels overlap.
Monotonicity in the avoided set therefore gives

(14) mw(NQ)ew(Nl) < €W(®)mw(N1 U NQ) .
The assumption (11), with B = [Na]w, says
yw (N2)mw (2) < mw (N2) F(W).
If my (@) > 0, then multiply this inequality by ey (N1), use (14), and divide by my (2). Since
ew (9)
2w (D) = qa(W)F(W) =
w(2) = ax(W)FOV) = ZU2
the result is (13). If my (@) = 0, then ey (N1) = 0, and the result is immediate.
Step 3: A common label. Suppose that Z = Nj N Ns is nonempty. A label whose attached set

misses W can be discarded. If this makes Z empty, then the first case applies. We may thus assume
that

FW),

K = [Zlw
is nonempty. The zero cases already removed imply x,0,v ¢ K. Expose every hyperedge meeting
K, delete K, and let Ex be the set of exposed hyperedge labels. In W\ K use the new label set

(L\ Z)U Ex .

Attach a(¢) \ K to an old label ¢ and ¢(e) \ K to a new label e € Fx.
For I,J C Fk, let
Niy=(Ni\Z)UI  Nyj=(N2\Z)UJ.
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The labels form a disjoint union, so

(15) NiyUNo g = ((NyUN2)\ Z) U (T U ),
(16) NL[HNQ,J:IQJ.

Let 7(I) be the product probability that exactly the hyperedges in I are open among those meeting
K. Lemma 2.11 and Lemma 2.12 expand the four terms in (13) as

ew(N1) = > w(De(I) yw(No) = Y w(J)y(J)
ICExk JCEK

mw (N UNg) = Y w(I)m(I) aw (N1 N Np) = Y w(I)z(I).
ICEK ICEk

Here e(I) and y(J) are the corresponding quantities in W \ K with sources NL 7 and ]/\\727 J- The
functions m(H) and z(H) use the sources ((N7 U Ny) \ Z) U H and H, respectively.
The induction hypothesis in W \ K, applied to Ny ; and Na j, and (15)—-(16) give

e(Dy(J) <mIUJ)z(INJ).
Independence of the exposed hyperedges gives
m(Dn(J)=a(I U J)x(INJ).

Thus the four functions 7(I)e(I), 7(I)y(I), m(I)m(I) and 7w (I)z(I) satisfy the hypothesis of Theo-

rem 2.4. That theorem proves (13). Since K is nonempty, this completes the strong induction.
Step 4: Return to vertex sources. Give each vertex of Y a separate singleton label and take

N; = Ny = L. Then [L]y =Y. Substitution in (13) gives exactly (12). O

Two disjoint clusters may be exposed in either order. The identity below says that the two orders
give the same answer, and it is what lets one vertex be removed from a source set in the last lemma
of the six.

Lemma 2.19. (Exchanging the Order of Two Cluster Explorations) For A C W and K C W, let
W (K) = P (€Y = K).
Let A, B CW, and let K, L CW be disjoint sets satisfying A C K and B C L. Then
W\K W\L
(17) Wi (K (L) = uf (D)) ' (K).

Proof. On the event CKV = K, every hyperedge meeting both K and W \ K is closed. By
Lemma 2.12, or by summing that lemma over all values with support K, the hyperedges contained
in W\ K retain their product law. The left side of (17) is therefore

Pw(CY =K, CY =1).
Exploring the B-cluster first shows that the right side is the same joint probability. ([l
That last lemma is the exact identity moving the induction from one level to the next.

Lemma 2.20. (Adding One Vertex to a Source) Let x and z be distinct vertices. Let Y and S be
disjoint subsets of U with x € S and z ¢ Y US. Let g be a bounded real function of K. Let
dy =Pz «»Y) d. =Pz~ YUS) plu)=PuelC,|z+»YUS),

and suppose d,d, > 0. Conditional on x <» Y, expose Cy, let W = U \ Cy, and let w be the law of
W. ForT CU, let

rjvy(u) = Covyy (g(ICL/V), Hu < T}) )
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For a set K, first form C;K in the configuration obtained by deleting K and every hyperedge
_p—K
meeting K. In the expression Ky Cy , restore the hyperedges meeting K and then delete C;K and

every hyperedge meeting it. Let
-K
(18) o(K) =B 116, nY =2} (90 5") 90649 )|

Then, for every vertex u,

Ex |r¥ (u) = 8y (0) = p(u)rl (2)]
(19) = Z—ZCOV(QD(CZ),I{UECZ} |ze» Y US) .

Proof. For an induced vertex set R containing x, let
a(R) = Eg[g(IC}))] -

Step 1: A fixed induced hypergraph. We first prove an identity with W fixed. Suppose W contains
x and z, let v be a real number, and set

D={z+ S} Jo=Dn{uecV}.
The disjoint identities
Hu+ SU{z}} =1{u+ St+1y, 1{z< S}=1-1p
give
r§ (u) =180 (W) =77 (2)
= — Covi (9(Ky ), 11,) + v Covir (9K ), 1p) -
On D, the set K = CY is disjoint from S. Summing Lemma 2.12 over the sets 'V whose incidence

sets together with z make up K shows that, conditional on C'V' = K, the hyperedges contained in
W\ K still have their product law, so

Ewlg(Ky) | €Y = K] = a(W\ K).
Expanding the two covariances therefore yields
rg () = rgley(u) =g (2)

(20) = Z ug}(K)(a(W)—a(W\K)) (H{ue K} —7).
KCW
KNS=@
If 2 ¢ W, then both sides are interpreted as zero.
Step 2: Expanding ®. We next expand (18). For every K disjoint from Y U S, condition on
Cg\K = @. Exact cluster conditioning gives
U\K
(21) S(K)= Y uy (@ a(U\Q) —a(U\ (KUQ)) .
QCU\K
zZQ
For the first term in the brackets, the hyperedges meeting K were absent from the exploration of

Cg\K and retain their independent states. Together with the hyperedges disjoint from K UQ, they
give the product model on U \ Q. For the second term, the boundary of @ is closed in U \ K,
leaving the product model on U \ (K U Q). The condition z ¢ @ is precisely the indicator in (18).
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Step 8: Exchanging the order. Take v = p(u) in (20). Multiplying the conditional covariance on
the right side of (19) by d, and using (21) gives

S W) (1w € K} - p(u).
Kn(YOS)=o

Insert the sum over @ from (21). Lemma 2.19 changes each product of cluster probabilities according
to

U\K U
(B (@) = QY (K)
After interchanging the two finite sums, the preceding display becomes
U
S QY wlPE) U\ Q) - aU\ (KUQ))

QCU KCU\Q
z¢Q KNS=o

(H{u e K} — p(u)) .

Terms with z € @) are zero and have only been added. By (20), the inner sum is

re U(u) = rg 2y () = pu)rg 9 (z) .

Finally,
U
MY(Q) for = ¢ Q’
A
is the law of U \ Cy conditional on z « Y. Dividing by d, proves (19). O

3. FINITE CONNECTION INEQUALITIES AND THE CRITICAL PROBABILITY

Suppose we know two things: that a source vertex reaches some vertex of a given set with high
probability, and that each vertex of that set reaches a target with high probability. Can we conclude
that the source reaches the target? When the set has one element the union bound suffices. The
difficulty is that the lattice argument of this section produces sets whose size grows without bound,
and the union bound degrades linearly in that size. What is needed is a bound that does not.

Kozma and Nitzan [2024] proposed such statements as conjectures in 2024 and proved that one
of them implies the vanishing of the percolation probability at the critical probability in every
dimension. Their reduction replaces a lattice question not covered by duality or the lace expansion
with a combinatorial statement about finite weighted graphs.

Section 3.1 sets up the problem of connecting through a set and shows how the union bound
fails. Section 3.2 states the three finite connection statements used below. Section 3.3 states the
finite criterion and describes its two cases. Section 3.4 shows that the additive bound suffices for
bond percolation.

The multiplicative inequality below is Conjecture 1 of Kozma and Nitzan [2024]. The uniform
near-one statement is their Conjecture 3; they recorded that they could neither prove nor disprove
Conjecture 1. The intermediate additive bound does not appear in their paper. All three statements
are proved here. Section 5 proves the multiplicative inequality; the additive and uniform near-one
bounds follow from it, and the bond-percolation reduction uses the uniform near-one bound.

3.1. Connecting through a set. Throughout this section the model is the one of Definition 2.7: a
finite vertex set, finitely many hyperedges, each open independently with its own probability. Bond
percolation on a finite graph is the case in which every incidence set is a pair, and site percolation
is another case, as Section 6.1 shows. Thus each finite statement in this section specializes to both
models. Write o and b for vertices, A for a nonempty set of vertices, and o <+ A for the event that
o0 is connected to at least one vertex of A.
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the set A

1 e

‘\ o
one dashed line for each vertex of A

FI1GURE 4. Connecting through a set. The source on the left reaches the set in the
middle with high probability, and each vertex of that set reaches the target on the
right with high probability. The union bound incurs one term for every dashed line,
whereas the inequalities of Section 3.2 give a bound independent of the size of the
set.

Assume
(22) Plo+~ A)>1-§ and Pla<+»b)>1—-9 foreveryac A,

and we want a lower bound on P(o <> b). A direct estimate uses a union bound over the vertices
of the set.

Lemma 3.1. (The Union Bound over A) Let o and b be vertices of a finite family of independent
hyperedges, and let A be a nonempty set of vertices. Then

P(o < b) <Plo«» A)+ Y Pla<b).
acA

Proof. If o is connected to b then no term on the right is needed, so assume the event {0 < b}
occurs. Either o fails to reach A, which is the first term, or o reaches some vertex a € A; in the
latter case that a cannot reach b, since otherwise o would reach b by concatenating the two open
paths. Hence
{o b} C{ow AYU | J{a b},
acA
and the claim follows from countable subadditivity. O

Under the hypotheses (22) the lemma gives P(0 +» b) < § 4 |A|d, which is not uniform in |A| and
gives no near-one estimate when |A| > 1/5. The limitation is not an artifact of a crude proof: the
lemma discards the information that the vertices of the set are alternatives to one another rather
than requirements, and a bound that treats them as requirements must pay for each one.

The size of the set cannot be controlled in advance, so a bound uniform in that size is required.
In the reduction of Section 3.3, the set is the set of vertices through which a crossing of one block
can enter the next, and its size grows with the block scale. There is no bound on it available in
advance.

3.2. The Kozma—Nitzan inequality and two consequences. Three statements must be kept
apart. Each is an assertion about every finite family of independent hyperedges, every o and b,
and every nonempty finite set A; that quantifier is not repeated below. They differ in how the loss
accumulates. Kozma and Nitzan [2024] stated the first and the third as their Conjectures 1 and 3.

Definition 3.2 (Kozma-Nitzan Conjecture 1) The first inequality is
Plo<b) >Plo+ A) - miqulP(@ ~b).
ae
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The loss is a factor, so it compounds when the inequality is applied repeatedly.

Definition 3.3 (An Additive Consequence) The additive bound asserts that for every ¢ > 0, if
P(a <> b) > 1 —t for every a € A, then

Plo«b) >Plo+ A) —t.

Here the loss is a summand, and it does not depend on the size of A.

Definition 3.4 (A Uniform Near-One Consequence) The uniform near-one statement asserts
that for every e > 0 there is § > 0, depending on ¢ alone, such that if P(o <» A) > 1 — ¢ and
P(a <+ b) > 1 — ¢ for every a € A, then P(o <> b) > 1 — .

The three are listed in decreasing order of strength. The implications are recorded next.

Lemma 3.5. (The Kozma—Nitzan Inequality Implies the Additive Bound) The inequality of Defi-
nition 3.2 implies the additive bound of Definition 3.35.

Proof. Assume the first inequality, and let t > 0 with P(a <> b) > 1 — ¢ for every a € A. If t > 1
then the conclusion is immediate because P(o <> b) > 0 > P(0 <+ A) —t. So assume ¢ < 1. Then

Plo<b) >Plo+> A)(1 —t) =Plo+> A) —tP(o <> A) > Plo+ A) — t,
using P(0 «<» A) < 1 in the last step. O

Lemma 3.6. (The Additive Bound Implies the Uniform Near-One Statement) The additive bound
implies the uniform near-one statement, with § = /2.

Proof. Let € > 0 and set 6 = ¢/2. Suppose P(0 <+ A) > 1—6 and P(a <+ b) > 1 — 4 for every a € A.
Applying the additive bound with ¢t = 9,

Plo+b) >Plo+A)—6>1-20=1—¢.
The number ¢ depends only on &, as required. O

Sections 4 and 5 prove the multiplicative statement, and Lemmas 3.5 and 3.6 then give the other
two. The uniform near-one statement is used in the next subsection.

3.3. A finite criterion for bond criticality. The required reduction is Theorem 6 of Kozma
and Nitzan [2024].

Theorem 3.7. (Kozma-Nitzan’s Uniform Near-One Criterion) Suppose the uniform near-one
statement of Definition 3./ holds. Then for every integer d > 2 the percolation probability of
Bernoulli bond percolation on 72 satisfies 0(p.(d)) = 0.

The accompanying Lean development includes a formalization of Theorem 3.7. Its proof is not
reproduced here; the following paragraphs summarize its two cases.

In two dimensions the conclusion is classical and the finite connection hypothesis is not needed:
the critical probability equals 1/2 and the percolation probability vanishes there, by Harris [1960]
and Kesten [1980].

For d > 3 the argument is a renormalization. Suppose for a contradiction that 6(p.) > 0.
Partition Z? into blocks of a large side length and declare a block good when the configuration
inside it contains a crossing cluster joining all its faces. Percolation of good blocks would give
an infinite open cluster, so the aim is to show that blocks are good with probability close enough
to 1. What has to be checked is that the crossing cluster of one block connects to the crossing
cluster of the next, and this is exactly the problem of connecting through a set: the source is the
crossing cluster of the first block, the set is the set of vertices on the shared face through which
the connection can pass, and the target is the crossing cluster of the second block. The set is the
face of a block, so its size grows with the block scale, which is precisely why the union bound of
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crossing cluster crossing cluster

the shared face

FiGURE 5. The set in the renormalization of Theorem 3.7. The crossing cluster
of the left block must be joined to the crossing cluster of the right block, and the
connection may cross the shared face, drawn in bold, at a vertex that is not fixed in
advance. Since the number of such vertices grows with the side length of the blocks,
the union bound over them does not give a scale-uniform estimate.

Lemma 3.1 cannot be used. The uniform near-one statement supplies a bound independent of the
face size. The block percolation so obtained yields percolation in a slab, and the strict inequality for
critical probabilities under an essential enhancement, proved by Aizenman and Grimmett [1991],
then forces p > p., which is the contradiction. One-step renormalization of this kind originates with
Grimmett and Marstrand [1990]; the absence of percolation at the critical probability in half-spaces
is due to Barsky, Grimmett, and Newman [1991], and the corresponding statement inside a slab to
Duminil-Copin, Sidoravicius, and Tassion [2016]. A textbook account of block renormalization is
Grimmett [1999, §7.1-7.2].

The hypothesis of Theorem 3.7 is a statement about arbitrary finite families of independent
hyperedges and is independent of the dimension, the lattice, and translation invariance. The
number d must also be independent of the intermediate set, which allows the block scale to be
chosen after § is fixed.

3.4. An additive bound sufficient for bond criticality. Combining the results of this section
reduces the lattice problem to a single finite inequality.

Corollary 3.8. (The Additive Bound Suffices for Bond Criticality) Suppose the additive bound of
Definition 3.3 holds. Then for every integer d > 2 the percolation probability of Bernoulli bond
percolation on Z@ satisfies 6(p.(d)) = 0.

Proof. The additive bound implies the uniform near-one statement by Lemma 3.6, and Theorem 3.7
gives the conclusion. ([l

By Theorem 1.15 the conclusion of Corollary 3.8 is equivalent to the continuity of the percolation
probability on the whole parameter interval. Thus the additive bound is sufficient for the bond-
percolation conclusion in every dimension.

The next two sections prove the required finite inequalities by an indirect route. Section 4
constructs a family of inequalities comparing conditional covariances at different vertices, and
Section 5 converts that family into the additive bound by an induction on the size of the set. The
estimate uses one selected vertex rather than a sum over every vertex.

4. CONDITIONAL COVARIANCE INEQUALITIES

Section 3 reduced the vanishing of the percolation probability at the critical probability to one
finite inequality. This section develops a family of inequalities comparing conditional covariances at
two vertices. Its bond-percolation form yields the additive and uniform near-one bounds used in the
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earlier formalization. The formulation here retains labeled hyperedges so that distinct hyperedges
remain distinguishable when their traces coincide.

Theorem 4.9, in Section 4.4, states that a certain alternating sum of conditional covariances is
nonnegative. The data are a finite family of independent hyperedges, a vertex z, a set Y that the
cluster of z must avoid, two further vertices o and v, and a finite list of further vertices dy, ..., dy.
Take Y empty, the list empty, and f the indicator that z is connected to v; the resulting statement
is the Harris inequality of Section 2. The theorem extends positive correlation in two directions: it
remains valid under avoidance conditioning and after successive subtraction of contributions from
other vertices. The second property is what the induction in Section 5 needs, and it is why the
vertices dy,...,d, are carried at all.

Section 4.1 introduces the conditional covariance and records what Section 2 already gives about
it, namely that it is nonnegative. Section 4.2 states the comparison between o and v without
auxiliary vertices and identifies the Harris inequality as a special case. Section 4.3 introduces the
vertices d1, ..., dy; and the alternating sum, and proves the algebraic identity used in the induction.
Section 4.4 states the theorem. Section 4.5 records a consequence used in Section 5: for fixed data
the whole family reduces to finitely many inequalities in the edge parameters.

Throughout this section the model is the one of Definition 2.7, x is a vertex, and Y is a set of
vertices with x ¢ Y. Every conditioning is on the event {z «» Y} that the cluster of = reaches no
vertex of Y, and that event is assumed to have positive probability. For bond percolation the set
K of Definition 2.8 is the set of open edges with an endpoint in C,.

4.1. Conditional covariance under avoidance. Definition 4.1 (Conditional Covariance Un-
der Avoidance) Let f be an increasing real function of IC,. For a vertex u define

(23) k(u) = Cov(f(Ks), {u € G} | {w +» Y}).

Both arguments of the covariance are increasing functions of I, so Corollary 2.14 applies and
gives the following at once.

Lemma 4.2. (The Conditional Covariance Is Nonnegative) In the setting of Definition 4.1, the
following hold.

(i) We have k(u) > 0 for every vertez u.
(ii) If w € Y, then k(u) = 0.

Proof. Both f(K;) and 1{u € C,} are increasing functions of IC;, so their conditional covariance is
nonnegative by Corollary 2.14.

If uw € Y then on the event {x «+» Y} the cluster of z does not reach u, so the indicator 1{u € C, }
vanishes identically under the conditioned measure, and a covariance with a constant is zero. [

The argument of Section 5 requires a comparison between the values of k at two distinct vertices;
nonnegativity alone does not provide one.

4.2. The comparison without auxiliary vertices. Fix two distinct vertices o and v, neither in
Y and neither equal to . The comparison we need transports the value of x at v to its value at o,
at a price given by the probability that the two vertices o and v are joined to each other.

Definition 4.3 (The Number Lambda) Let o and v be distinct vertices outside Y U {x}, and let
di,...,d; be finitely many further vertices, distinct from one another and from z, o and v, and
none of them in Y. Assume the event that v avoids Y U{z}U{dy,...,d,} has positive probability.
The number A is

(24) A=Ploel |{ve YU{z}U{d,...,d}}),

the probability that o lies in the open cluster of v, given that v reaches none of z, of Y, and of
di,...,do. When there are no vertices d; the conditioning is on v avoiding Y U {z} alone.
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The conditioning in (24) must include every d;. Omitting them gives a larger number, and the
comparison below then fails: on the star with center d; and leaves x, o and v, all three edges
open with probability /2, taking Y empty and f(K,) = 1{v € C,}, the inequality with the smaller
conditioning set would read 0 > 1/4s.

Two features of (24) matter. The conditioning is on an avoidance event for v, not for z, so A is
computed under a different conditioning from the one defining x. And A\ does not depend on the
function f.

Definition 4.4 (The Inequality Without Auxiliary Vertices) In the setting above, the inequality
without auxiliary vertices is

(25) k(0) > Ak(v)
for every increasing real function f of K.
In its simplest case (25) reduces to a statement already available.

Lemma 4.5. (The Harris Inequality as a Special Case) Let x, o and v be distinct vertices, take
Y empty, and take f(K;) = 1{v € C,}. Then the inequality without auziliary vertices (25) is
equivalent to the inequality

(26) P(o ¢ {z,v} and z <3 v) > P(0 ¢ {z,v})P(z <> v),
which is an instance of the Harris inequality, Theorem 2.5.

Proof. With Y empty there is no conditioning, and with f(K,) = 1{v € C,} the covariance (23)
becomes the unconditioned covariance of the two indicators 1{v € C,} and 1{o € C,}. Both are
increasing events, namely {z <> v} and {x <> o}, so (25) compares two covariances of pairs of
increasing events. Expanding the covariances and collecting the terms in which the two clusters
meet gives (26), and the events {o <> {z,v}} and {x <> v} are both increasing, so Theorem 2.3
applies. O

The general case of (25), with Y nonempty and f an arbitrary increasing function, does not
follow from the Harris inequality. The conditioning destroys the product structure used in the
proof of Theorem 2.3, as Example 2.6 showed.

4.3. Successive removal of auxiliary vertices. The induction of Section 5 removes vertices

from a set one at a time, and a removed vertex does not leave the argument: it stays as a vertex
whose contribution must be subtracted. The family therefore has to carry a list of such vertices
from the start.

Definition 4.6 (The Vertices d; and Their Constants) Let d,...,d; be distinct vertices, none
equal to z, to o or to v, and none in Y. For 1 < j < /¢ define

(27) pi(u) =P(ueCy | {dj » Y U{x}U{dr,...,d;j_1}}),

the probability that w lies in the open cluster of d;, given that d; reaches neither z, nor Y, nor an
earlier vertex of the list; the conditioning event is assumed to have positive probability.

Every hyperedge probability strictly between 0 and 1 makes all of these events have positive
probability, which is the situation of Theorem 4.9. The set avoided in (27) grows along the list,
so the constants are computed in a definite order and p; depends on dy,...,d;_1. This ordering is
not a convenience; it is what makes the induction close.

Given these vertices and their constants, define a recursive subtraction that removes one contri-
bution at a time. The operation applies to an arbitrary real function of the vertices, not only to x;
this generality is used in Section 5.



PERCOLATION AT THE CRITICAL POINT 27

Definition 4.7 (Recursive Subtraction and the Functional M) Let p1, ..., p¢ be as in (27) and let
A be as in (24). For a real function ¢ of the vertices let ¢% = ¢ and

(28) ¢w) = ¢V () — pi(w)g"(dy)  (1<j<0),
and let
(29) Mlq] = ¢ (0) — A" (v).

The j-th step subtracts from the value at v the value at d;, weighted by the conditional connection
probability p;(u). Both operations are linear.

Lemma 4.8. (Recursive Subtraction and M Are Linear)

(i) For each j with 0 < j < ¢, the map q — ¢V is linear.
(i) The map q — M|[q] is linear.

Proof. We induct on j. For j = 0 the map is the identity. For the step, ¢l is obtained from ¢V~
by subtracting the number gl/—1 (d;) times the fixed function p;, and p1,..., p; do not depend on
¢; a difference of linear maps is linear. The functional M is a difference of two evaluations of ¢!,
so it is linear as well. O

4.4. Conditional covariance inequalities with auxiliary vertices. Recall that x depends on
the increasing function f through (23).

Theorem 4.9. (Conditional Covariance Inequalities) Let every hyperedge probability lie strictly
between 0 and 1. Let x be a vertex, let Y be a set of vertices with x ¢ Y, let o and v be distinct

vertices outside Y U {z}, and let dy,...,dy be distinct vertices, none equal to z, to o or to v, and
none in Y. Then for every increasing real function f of Ky,
(30) M[k] > 0.

Written out, the case £ =0 of (30) is (25), and the case £ = 1 reads
5(0) — pr(0)A(d1) = A((v) — pr(v)(d))

Each successive recursive step compares the same two vertices after removing one more contribution
from di,...,d,.
The proof uses the six results of Section 2.6 together with the preceding definitions and identities.

Proof. Since every hyperedge probability is less than one, isolating each named vertex has positive
probability. Thus every conditional probability used below has a positive denominator. Adding a
constant to f changes no covariance, so we may and do suppose that f is nonnegative.

For a vertex function h, write

(Ljh)(u) = h(u) — pj(u)h(d;) .
Then AUl = L;---Lih. We prove the theorem by strong induction on ¢. The argument below
includes the case £ = 0, for which every sum indexed by j is empty.
Step 1: Remowve the conditioning cluster. Let
Under v, expose Ky and let
W =U\Cy.
This set contains z. Lemma 2.12 says that, conditional on what was exposed, the hyperedges of

the model induced on W have their original independent laws. Let 7 be the law of W under v. For
an increasing function g of IC;, define

Ky (1) = Covy (9(K}Y), 1{u e ;')
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and
A(g) =Ex [(Le- - Liky ) (0) = A(Lg -+ Liky ) (v)] -

The constants p; and X in this formula are those of the theorem.
We next show that it is enough to prove

(31) Ay(g) =20

for every nonnegative increasing g. By linearity there are constants (,, indexed by o, v and
dy,...,dy, such that

MR =" Buh(u).
For a set A of hyperedges, set

H(A) =) Bul{ueCi(A)},

where C,(A) is the component of x in the open hyperedges of A. If
mf(g) = M[’ig] )
then
Me(g) = Covy(9(Ks), H(Kz)) -

Write A = K, and B = Ky under v. Let P4 and Pp denote conditional expectation given A
and B, respectively, and define the two-step resampling operator

A=PaPp  (Ag)(A) =E, [Ey[g(A) | B] | 4] .
The law of total covariance, first conditional on B, gives
(32) Me(g) = Aelg) + Me(Ag) .
Here is the calculation. Let h(B) = E,[g(A) | B]. The first term in the law of total covariance is
Ey[Covy(9(A), H(A) | B)] = Aulg)

by Lemma 2.12. Since H(A) is measurable with respect to A, the second term is

Cov, (h(B), E,[H(A) | B]) = Cov, (h(B), H(A))

= Covy (E,[1(B) | A], H(A)) = My(Ag) -

We record two properties of A. Given B = J, exact cluster conditioning makes the z-cluster an
independent cluster in the graph obtained by deleting the support of J. Hence

J—E,[g(A) | B=J]

is decreasing when g is increasing. Given A = I, the Y-cluster has the product law off the support
of I. If I) C I, then couple the two laws using the same hyperedge states. The set Ky obtained
after deleting the larger support is contained in the other one. Applying the preceding decreasing
conditional mean shows

(Ag)(I1) < (Ag)(I2)-

Thus A preserves increasing functions. A function defined only on the values it can take is extended,
when needed, by

9(J) =max({g(I) : I C J and g is defined at I} U {0}) .

This agrees with g wherever g was defined and is increasing on the entire Boolean lattice. The
operator A also preserves nonnegativity and constants.
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There is a number ¢ > 0 such that the transition represented by A has a fixed component of
mass at least €. Indeed, during the resampling of B, close every still available edge incident to Y.
This has probability at least

e= J[ @-po)>0

ex(e)NY#2
and forces Cy = Y. The subsequent resampling of A then has a fixed law, independent of its
previous value. Consequently

(33) osc(A"g) < (1 —€)"osc(g)

If Y = @, then the first application of A is already constant. Otherwise, every averaging operator
raises the minimum and lowers the maximum. Equation (33) shows that these bounds approach
the same number, so A™g converges uniformly to a constant.

Iterating (32) gives

n—1
Mo(f) =Y Ae(ATf) + Me(A"f).
i=0
The last term tends to zero because 9y is a linear functional on a finite state space and vanishes
on constants. Therefore (31) for nonnegative increasing functions implies My (f) > 0.
Step 2: Add the vertices dj one at a time. Fix a nonnegative increasing function g, and let
SJZ{ZE,dl,,dJ} S[):{l‘} X:Sg
For T' C U and a vertex u, define
r} (u) = Covw (9(Ky"), Hu > T})  Rj(u) = Ex[rg ()]
Thus
Ro(u) = Exlry (u)]
and, with
hy (W) = CovW(g(ICZV), 1{u+ X}),
we have Ry(u) = Ex[hy(W)].
Use the deletion notation of Lemma 2.20 and define
_C;K

(34) o(K) =B 16 nY =2} (90 5") 90649 )|

We need the fact that @ is nonnegative and increasing on sets that avoid Y. This follows pointwise.
For a fixed configuration, write

-K
A ={C;8nY =2} Ux=Kk< Vi = KK

On Ag, the x-cluster and the Y-cluster in the graph with K deleted are disjoint. Restoring the
edges meeting K and then deleting the edges meeting C;K cannot remove an edge of the former
x-cluster. Thus

(35) Vik C Uk on the event Ag .

The integrand in (34) is therefore nonnegative.
Now let K C N and suppose N NY = &. Deleting more vertices gives

Neey®  WwCVk Uk CUw,
and Ag C Ayn. On Ag, monotonicity of g gives
9(Uk) = 9(Vk) < g(Un) — g(Vn).

On Ay \ Ak, the expression on the right is nonnegative by (35). Hence ®(K) < ®(N). Extend &
to all subsets of U by -
O(K)=max{®([): ICK, INY =o}.
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The extension is nonnegative and increasing, and it agrees with ® whenever K NY = @. Every
cluster to which it is applied below avoids Y, so we write ® for the extension.

For 1 <j </, set

P(d; « Yj)
)/J':YU{.W,dl,...,djfl} Oéjzm

and define
nj(u) = Cov (@(Cdj), 1{u e Cdj} ‘ d; Yj) .
Apply Lemma 2.20 with z = d; and S = S;_;. Its constant p(u) is precisely p;j(u), and it gives
(36) LiRj_1 — Rj = «ajn; .
Set
Dj=Lj---LiRy—R;  Dy=0.

Equation (36) gives

Dj=L;Dj_1+ ajn;.

Iteration yields
¢
Dy = ZajLeLe—l < Ljting,
j=1

where the operator following ay is the identity. Since the operators L; commute with expectation,
Ag(g) = Ew[ho(W) - )‘hU(W)]

¢
(37) + D aj[(Lee- Livang)(0) = M(Le -+ Lipan;) (v)] -
j=1
The expression in square brackets is an instance of the theorem with ¢ — j vertices. Its distin-
guished vertex is dj, its avoided set is Y}, and its ordered list is djy1,...,d,. The constants in its
successive operators are the original pj41,..., p¢, because

}/j U {dj7dj+17 s 7d€—1} =YU {l’,dl,. . 'adﬁ—l} :
Its final connection constant is A, since its final avoided set is
Y}U{dj,dj+1,...,dg} =YUX.

The function ®(Cy,) is a nonnegative increasing function of the open hyperedges of the cluster of d;.
The strong induction hypothesis therefore says that every term in the sum in (37) is nonnegative.
Step 3: Compare o and v in each induced hypergraph. For a fixed W, define

Pylov|ve X), veW,
sy — [Bwlo v v e X)
0, vgW.

We first prove
(38) ho(W) = q(W)hy(W) .

If v ¢ W, then q(W) = hy(WW) = 0 and the assertion is the Harris inequality for ho(W). If o ¢ W,
then both (W) and h,(W) are zero. We may therefore suppose o,v € W.
Let
m = Ew[g(KM)] D ={v+ X} J={ov, v X}
The disjoint union
{oo XU{v}}={o X}UJ
and the Harris inequality give

(39) ho(W) > —Ewl[(g(K}) — m); J] .
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Conditional on D, apply Lemma 2.15 to the source sets X and {v}. The function g(KY) is
increasing in XY, and 1 — 1{o € C}V} is decreasing in K!V. Their positive correlation is equivalent
to

Py (D)Ew[(g(KCy") —m); J] < Pw (J)Ew|[(9(Ky") —m); D).

Since

ho(W) = —Ew[(g(K}) —m); D] q(W) =

this inequality and (39) prove (38).

It remains to compare the varying number ¢(W) with A. Apply Lemma 2.18 with A = X
and F(W) = hy(W). The Harris inequality gives F(W) > 0, and if v ¢ W then F(W) = 0.
Lemma 2.17, with source S = X and cluster function g, is exactly the assumption (11).

The conclusion (12) gives

Plo < v, v» X UY)E[h, (U \Cy);x ¢ Cy]
<P(v» XUY)E[g(U\ Cy)hy(U\Cy);x ¢ Cy] .

The first probability is A times the second. The second is positive because v can be isolated, so
cancellation gives

(40) Elg(W)hy(W); 2 «» Y] > AE[hy(W); 2 «» Y].
Divide by P(x «+» Y') and average (38). Equation (40) then shows that
Eﬂ'[ho(W) - )‘hv(W)] > 0.

This proves that the first term in (37) is nonnegative. Step 2 and the induction hypothesis show
that all its other terms are nonnegative as well. Hence Ay(g) > 0 for every nonnegative increasing
g. Step 1 now gives M[x] = My(f) > 0, as required. O

4.5. Reduction to indicator functions. One structural consequence of Theorem 4.9 is used
repeatedly in Section 5, and it follows from linearity alone.

Proposition 4.10. (Linearity in f) Fiz the model, the vertices x, o and v, the set'Y and the list
di,...,dg. Then the following hold.

(i) The quantity M k] is a linear function of f.
(ii) If f is constant, then M[x] = 0.

Proof. The map sending f to k is linear, because a covariance is linear in each of its arguments
and the second argument of (23) does not involve f. The map sending k to M|[x] is linear by
Lemma 4.8, since A and the constants p; do not depend on f. A composition of linear maps is
linear.

If f is constant then f(K;) is a constant random variable, so every covariance (23) vanishes,
hence « is identically zero and so is the displayed quantity. O

A consequence of Proposition 4.10 is that it suffices to verify (30) when f is the indicator of an
increasing family of sets of hyperedges, since every increasing function on a finite family of sets is a
nonnegative combination of such indicators together with a constant. For fixed data Theorem 4.9
is therefore a finite family of inequalities, one for each such indicator. The quantities appearing in
them are rational functions of the hyperedge probabilities rather than polynomials, since A and the
constants p; are ratios of two probabilities; clearing the positive denominators turns each inequality
into a polynomial one.
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5. THE K0ZMA—NITZAN INEQUALITY FOR INDEPENDENT HYPEREDGES

Section 4 produced a family of inequalities comparing conditional covariances at two vertices.
This section converts that family into the Kozma—Nitzan inequality stated in Section 3.

Order the intermediate vertices by their conditional expectations m,. In the application, m, is
the probability that x reaches the target. In each configuration where the source reaches the set,
select the reached vertex with the smallest order value. The events selecting the individual vertices
partition the event that the source reaches the set. This replaces the size-dependent union bound
of Lemma 3.1 by a single expectation. The argument directly gives the Kozma—Nitzan inequality;
the additive and uniform near-one statements follow from it.

Section 5.1 defines the ordering and the quantity D, (7). Section 5.2 compares this quantity
at two vertices. Section 5.3 iterates that comparison over the set and explains why the auxiliary
vertices of Section 4 are needed for the iteration to close. Section 5.4 completes the derivation, and
Section 5.5 gives the bond-percolation consequence.

5.1. Ordering the intermediate vertices. Throughout this section the model is the one of
Definition 2.7, Y is a set of vertices, F' is an increasing real function of sets of vertices, and T is a
finite set of vertices disjoint from Y with P({z <» Y'}) > 0 for every z € T. Including the set Y is
necessary for the induction below to close. For x € T' write
E[F(Cx); {z «» Y}]

P({z «+ Y})
for the conditional expectation of F'(C,) given that x avoids Y.

Definition 5.1 (An Ordering Compatible with the Means) A function r from the vertices to the
real numbers orders 1" compatibly with the means when it is injective on 17" and m, < m,, for all
x,y € T with r(z) < r(y).

(41) My =

Such a function exists: order T' by the values m, and break ties arbitrarily.

Definition 5.2 (The Events J, and the Quantity D, (7)) Let r satisfy Definition 5.1, and let u
be a vertex. For x € T let

Jo={u»Y}in{uealn m {u ey},
yeT, r(y)<r(z)
the event that u avoids Y and that x has the smallest r-value in T'N C,, and set

(42) Dy(T) =E[F(Cu)i{u» Y}, u T] =Y P(Jy)ms .
zeT

Lemma 5.3. (The Events J, Partition, and D, (T") Is Independent of the Ordering)
(i) The events J, for x € T are pairwise disjoint and their union is {u «» Y} N{u < T}.

(ii) The quantity D, (T) satisfies

(43) Du(T) = E[1{{u s YY), ueT) (F(Cu) - min. mx)} :

so Dy (T') does not depend on the choice of r satisfying Definition 5.1.

Proof. If J, and J, both occur with = # y, then we may assume r(z) < 7(y) since r is injective on
T; then J, asserts u <+ x while J, asserts u <+ x, a contradiction. If v avoids Y and reaches T,
then T'N C, is nonempty and finite, so it has a unique element with the smallest r-value, and J,
occurs for that element. Conversely each J, is contained in {u «» Y} N {u < T}.

For (43), note that on J; the vertex x has the smallest r-value among the vertices of 7" in C,,
hence by compatibility the smallest value of m, so m, = minye7rnc, my there. Summing over the
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partition turns ), P(J,)m, into the expectation of that minimum over {u «» Y }N{u <+ T'}, which
gives (43). The right side of (43) does not mention 7.

O

Two cases are immediate and are used below. If u € Y then {u < Y} is empty and D, (T) = 0.
If w e T then u € TNC, on {u < Y}, so the minimum in (43) is at most m,, whence D, (T) >
E[F(Cu) — mu; {u  Y}] = 0 by (41).

The next identity is what lets one vertex be removed from 7T

Lemma 5.4. (Removing the Final Vertex in the Ordering) Let T' be nonempty, let k € T have the
largest r-value, and let Ty =T \ {k}. For a vertex u let

pu) =P({k +» Y UT}, u+ k) p(u) = E[F(Cr); {k «+ Y UTp}, u s k.
Then
(14) D(T) = Dul(To) + () — plu)m

Proof. Since k has the largest r-value, adjoining k to T leaves each event J, with « € Ty unchanged
and creates one new event, Ji. On {u <> k} the clusters of u and of k coincide, so on that event the
conditions defining Ji read {k < Y UTp}, and F(Cy) = F(C) there. Comparing (42) for 7' and
for Ty therefore adds the term p(u) to the expectation and subtracts p(u)my, from the sum. O

5.2. Comparison at two vertices. The following is where the family of inequalities of Section 4
enters.

Proposition 5.5. (Comparing D, (T) at Two Vertices) In the setting above, let v ¢ Y UT. Then
for every vertez o,

(45) P({v Y UT}N {0 ¢ v})Dy(T) <P({v « Y UT})D,(T).

Proof. Assume first that every hyperedge probability lies strictly between 0 and 1, that o ¢ Y UT
and that o # v. Let dj,...,dy be distinct vertices outside Y U T U {o,v}, and let M be the
functional (29) formed from the set Y U T, that list, and the two vertices o and v. We prove by
induction on the size of T', and simultaneously for every such list and every pair o and v, that

(46) M [u— Dy(T)] >0.

Step 1: Base case. If T' is empty then D, (@) = 0 for every u by (42), so (46) holds by Lemma 4.8.
Step 2: Inductive step. Let T be nonempty, let k € T have the largest r-value, let Ty = T\ {k},

and let p and p be as in Lemma 5.4. Connection is reflexive, so p(k) = P({k «» Y UTp}) and
w(k) = E[F(Cy); {k «+» Y UTy}]. Write

x(u) = p(k)p(u) — p(k)p(u) v =mrp(k) — p(k).
FExpanding both sides gives the identity

(47) p(k) (p(u) — p(u)ymyi) = x(u) — vp(u) .

We show that M[x] > 0 and M|[p] > 0. For the first, let x be the conditional covariance (23)
formed with the vertex k in place of x, the set Y U Ty in place of Y, and the increasing function
sending a set of hyperedges to the value of F' at the vertex set it spans together with k. Because
(YUTy)U{k} =Y UT, the constants (27) and the number (24) attached to this x are the ones
M was formed from. Then x = p(k)?k, so M[x] = p(k)? M[x] by linearity, and M[x] > 0 is
Theorem 4.9. For the second, apply the same theorem with the increasing function that is 1 on
nonempty sets of hyperedges and 0 on the empty one. Writing ¢g for the probability that k£ avoids
Y UTp and lies on no open hyperedge, the corresponding covariance is go p(u) up to the positive
factor p(k)? at every vertex u other than k, which is all that M evaluates, so go M[p] > 0. Closing
every hyperedge at k has positive probability, so ¢o > 0 and M|[p] > 0.
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Next we show that
(48) v < Dy(Tp) -

By (41) we have E[F(Cy) — my; {k «» Y}] = 0. Splitting {k < Y} into the part where k avoids
Ty as well and the part where it reaches Ty turns this into v = E[F(Cy) — my; {k «» Y}, k <> Tp].
Expanding that restricted expectation over the partition of Lemma 5.3, taken with & in place of u,
gives v = Di(To) + > er, P(Jz) (Mg —myg), and every summand is at most zero because 7(z) < r(k)
and r is compatible.

Now apply M to (44), multiply by p(k) > 0, and use (47) together with linearity:

(k)M [u = Dy(T)] = p(k)M [u = Dy(To)] + M[x] — vM][p].

The middle term is nonnegative. Since M [p] > 0, replacing v by the larger quantity Dy (Tp) of (48)
only decreases the right side. Writing p(u) = p(k) p(u) with p(u) = P(u € C | {k «+» Y UTp}),
the resulting expression is p(k) times the value of the functional obtained by inserting k, with
the constant p, at the front of the list di,...,ds, applied to u — D, (Tp); this is exactly the
recursion (28). That value is nonnegative by the induction hypothesis, applied to the smaller set
Ty with the lengthened list. Dividing by p(k) gives (46).

Step 3: From (46) to the statement. Take the empty list, so that Mq] = ¢(0) — Ag(v) with
A=Plo el | {v YUT}). Then (46) reads Do(T') > AD,(T'), and multiplying by P({v «+»
Y UT}) > 0 gives (45). If o = v then the two sides of (45) are equal. If o lies in Y or in T, then the
event {v «» Y UT}N{o <« v} is empty, so the left side vanishes while the right side is nonnegative
by the two cases recorded after Lemma 5.3.

Step 4: Parameters in [0,1]. By (43) each D,(T) is a finite sum over configurations, each
summand being a polynomial in the hyperedge probabilities times a value depending on them only
through the finitely many numbers m,; and each m, is a ratio of polynomials whose denominator
is positive at the given parameters. Both sides of (45) are therefore continuous there. Approximate
the given parameters by ones lying strictly inside (0, 1), choosing for each an ordering r satisfying
Definition 5.1; by Lemma 5.3 the quantity D, (T") does not depend on that choice. The case already
proved applies to each approximation, and continuity gives (45) in general. O

5.3. Nonnegativity.

Theorem 5.6. (Nonnegativity of D,(T")) In the setting of Section 5.1, Do(T') > 0 for every vertex
0.

Proof. We induct on the size of T. If T' is empty then D, (&) = 0.
Let T be nonempty, let k € T have the largest r-value, let To = T'\ {k}, and keep p, p and ~
from the proof of Proposition 5.5. Identity (44) with u = o reads D,(T') = D,(Tp) + (o) — my p(0).
Apply the conditional association of Corollary 2.14 with the vertex k, the set Y U Tp, and the
two increasing functions of K given by F' evaluated at the spanned vertex set together with k, and
by the indicator that o lies in the cluster of k. This gives p(o) u(k) < p(k) u(o), which rearranges
to

p(k) (mip(o) — p(0)) < p(o) (mup(k) — u(k)) = plo)y.

By (48) and p(o) > 0 the right side is at most p(o) Di(Tp), and by Proposition 5.5 applied to Ty
with v = k that is at most p(k) D, (Tp). Hence

p(k)Do(T') = p(k)Do(To) + p(k) (11(0) — mup(0)) = 0.

If p(k) > 0 then this gives D,(T") > 0. If p(k) = 0 then p(o) = 0 and u(o) = 0, so Do(T') = Dy (Tp),
which is nonnegative by the induction hypothesis. O
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5.4. The Kozma—Nitzan inequality. We now prove the inequality stated as Conjecture 1 by
Kozma and Nitzan [2024]. The proof selects the reached vertex with smallest r-value.

Theorem 5.7. (Kozma—Nitzan Conjecture 1) Let o and b be vertices and let A be a nonempty
finite set of vertices. Then
P(o <> b) >Plo+> A) - minP(a < b) .
acA

Proof. We apply Theorem 5.6 to one particular function and then estimate the resulting sum from
below. The proof has three steps.

Step 1: Choose the data. Take Y = @ and T = A in Section 5.1, and let F(S) = 1{b € S} for
a set S of vertices. This function is nonnegative, and it is increasing because enlarging a set can
only help it contain b. Its mean at a vertex a is

mq =E[1{b € C,}| =P(a < b).

Choose an ordering r for A satisfying Definition 5.1; such an ordering exists by the paragraph
following that definition.

Step 2: Apply the nonnegativity. Theorem 5.6 applied with T' = A gives D,(A) > 0, which by
Definition 5.2 reads

(49) > P(Ja)ma < E[F(Co);0 <> A .
acA
The right side of (49) equals P(0 <+ b and o <+ A), since F'(C,) is the indicator that o is connected
to b.
Step 3: Estimate the left side and conclude. Bounding every mean below by the smallest one,

ZP )mg > (mln ma) Z P(J,) = (mln}P’(a < b)) (0 A),
a€A
where the last equality is Lemma 5.3. Comblmng this with (49) and with P(o <> b and 0 <+ A) <
P(o < b) gives the claim. O
)

Step 3 is where the argument does not degrade, for the following reason. The numbers P(J,
sum to P(o +» A) and not to |A| times anything, because Lemma 5.3 makes them a partition. A
union bound over the vertices of A would instead produce ) P(a < b), with one term for each
vertex of A and no cancellation. Selecting the reached vertex with smallest r-value converts a sum
over the vertices of A into a single expectation

The other two forms follow from Lemmas 3.5 and 3.6.

Corollary 5.8. (The Additive and Uniform Near-One Consequences) The additive bound of Defi-
nition 3.3 and the uniform near-one statement of Definition 3.4 both hold.

Proof. The inequality of Definition 3.2 is Theorem 5.7. The additive bound follows by Lemma 3.5,
and the uniform near-one statement then follows by Lemma 3.6. U

5.5. Bond-percolation criticality. The preceding finite inequalities give the bond-percolation
theorem.

Theorem 5.9. (The Percolation Probability Vanishes at the Critical Probability) For every integer
d > 2, Bernoulli bond percolation on Z% satisfies 0(pe(d)) = 0. Equivalently, the percolation
probability is continuous on the whole parameter interval.

Proof. Section 5.2 proved Proposition 5.5 from Theorem 4.9, and Section 5.3 proved Theorem 5.6
from that. Theorem 5.7 and Corollary 5.8 then give all three finite inequalities, and the additive
bound gives the conclusion by Corollary 3.8. The equivalence with continuity is Theorem 1.15. [
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The two-dimensional result was known from Harris [1960] and Kesten [1980], and dimensions
eleven and above from Hara and Slade [1990] and Fitzner and van der Hofstad [2017]. The argument
above covers the previously unresolved range 3 < d < 10 and also applies in the other dimensions.

6. BOND AND SITE PERCOLATION

The preceding finite results concern independent labeled hyperedges. This section identifies bond
and site percolation as two specializations, records the bond lattice consequence, and states how
the companion site argument uses the finite inequality.

For bond percolation, the earlier conditional covariance argument established an additive bound,
and hence a uniform near-one bound, sufficient for the lattice reduction. The present treatment
extends that argument to labeled hyperedges, including the use of g to retain hyperedge identities,
and applies the resulting finite inequalities to site percolation.

Section 6.1 gives the two identifications and shows why the one for site percolation needs an extra
vertex on each edge, and Section 6.2 records the bond consequence and summarizes the endpoint
of the separate site-percolation block argument.

6.1. Bond and site percolation as special cases. Example 6.1 (Bond and Site Percolation)
Bond percolation on a graph G is the case of Definition 2.7 in which every incidence set is the pair
of endpoints of an edge.

Site percolation on G needs one extra vertex for each edge, and we take G to have no isolated
vertex. Take as vertices those of G together with a new vertex m, for every edge e. Take one
hyperedge for each vertex of G, the one at u having incidence set {u} U {m, : e > u} and being
open with the probability that w is open. Since u lies on an edge, that incidence set has at least
two elements, as Definition 2.7 requires. Two distinct vertices of G are connected in this model
exactly when they are connected in site percolation on G.

Only distinct vertices are covered, and they have to be: connection in Definition 2.7 is reflexive,
so u is connected to itself whether or not u is open. For distinct u and v the claim is checked in
one step each way. If v and v are neighbors in G and both open, then the two hyperedges are open
and share me, so u and v are connected; concatenating along an open path of G gives the general
case. Conversely a chain of open hyperedges from w to v passes through added vertices only, and
me lies on the hyperedges of the two endpoints of e and on no others, so each such passage crosses
an edge of G with both endpoints open.

The extra vertices are needed. Giving the hyperedge of u the incidence set {u} together with the
neighbors of u does not work: that hyperedge alone would make u adjacent to a neighbor whose
own hyperedge is closed, and on a star it would make distinct neighbors of the center adjacent to
one another.

Site percolation is not itself a case of bond percolation. Gladkov and Zimin [2026] proved that
bond percolation cannot simulate site percolation even approximately, already near a vertex of
degree three. In the other direction, bond percolation on a graph is site percolation on its line
graph, an observation of Fisher and of Fisher and Essam recorded in Kesten [1982, §2.5], where the
line graph is called the covering graph. Thus the two models have different direct representations;
the labeled-hyperedge formulation provides a common setting for the argument used here.

6.2. The finite inequality and site-percolation criticality. Specializing to the two models of
Example 6.1 gives the finite inequality for both, from one proof.

Corollary 6.2. (The Kozma—Nitzan Inequality for Bond and Site Models) Suppose the inequality
of Definition 3.2 holds in the model of Definition 2.7. Then the following hold.

(i) The inequality holds for bond percolation on every finite graph with independent edge pa-
rameters.
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FiGURE 6. The four models these notes cover, each near its critical parameter.
Bond percolation opens edges, site percolation opens vertices and joins two open
neighbors. In three dimensions the pictures are drawn in projection, with depth
shown by shading. The critical parameter is exactly 1/2 for bond percolation in two
dimensions; the other three values are not known in closed form, and the numbers
used here are the usual numerical estimates.
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three vertices incidence sets of size two one hyperedge per vertex
P S ° @ °
P—— 'Y ) [ ) [ )

open circles are the added vertices

FIGURE 7. A hyperedge and the two models. On the left, a hyperedge incident to
three vertices makes all three mutually adjacent when it is open. In the middle,
incidence sets of size two give bond percolation. On the right, the hyperedge of a
vertex of GG reaches that vertex and the added vertex on each incident edge, so two
vertices of G are joined exactly when both hyperedges are open.

(ii) The inequality holds for site percolation on every finite graph with no isolated vertex and
independent vertex parameters, whenever o and b are distinct and neither of them lies in A.

Proof. Bond percolation is the instance in which every incidence set has two elements, so the first
statement is the specialization of the inequality to that instance.

For the second, take the instance of Example 6.1. The quantities the inequality compares are
P(o <+ b), P(o «» A) and P(a > b) for a € A, and under the stated hypotheses each of them
compares two distinct vertices of G. By Example 6.1 each is therefore the same number in the two
models, so the inequality for the instance is the inequality for site percolation. ]

For bond percolation the passage from the finite inequality to the lattice is Theorem 3.7: the
additive bound follows from the Kozma—Nitzan inequality by Lemma 3.5, and the conclusion is
Corollary 3.8. This is Theorem 5.9.

The companion manuscript gives the full site-specific finite block construction. Its endpoint is
summarized here. Starting from Oge(p) > 0, it fixes the target, corridor, and stopped exploration
data at p. Each required probability concerns finitely many sites and exceeds its threshold strictly.
A common parameter ¢ < p can therefore be chosen so that every one of these finite inequalities
remains valid. Running the same finite block exploration at ¢ produces a percolating planar com-
parison process, and the recorded open-path witnesses lift that process to site percolation on Z9.
Thus, if gite(p) > 0, then there is a parameter ¢ < p with Oge(q) > 0. Applying this implication



38 PERCOLATION AT THE CRITICAL POINT

at p = p. contradicts the definition of the critical probability. No half-space criticality theorem is
used in this endpoint.
The accompanying Lean development proves, for d > 3, the declaration

KNAll.Site.site no_percolation_at_critical.

Its only arguments are d and a proof of 3 < d. The present implementation uses a third coordinate
to map the thin region produced by the exploration into the standard slab family. For d = 2,
continuity of the site-percolation probability, and hence its vanishing at the critical probability, is
the separate classical result of Russo [1981]; it is not part of the Lean declaration above.
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